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NOMENCLATURE 
A coefficient of deflection term given in 
Equation (B-12), also, means acceleration in 
Chapter III . 
a length of a rectangular plate 
a ,a ,a and a, coefficients in rational function expressions 
B coefficient of deflection term; Equation (B-12) 
b width of rectangular plate 
b1?b_,b„ and b; coefficients in rational function expressions 
C coefficient of deflection term; Equation (B-12) 
D plate bending stiffness: 5 = Elr/l2(l - v ) 
D coefficient of deflection term; Equation (B-12) 
E modulus of elasticity, also coefficient of 
deflection term; Equation (B-13) 
F coefficient of deflection term given in 
Equation (B-13)> also, denotes excitation force 
in Chapter III. 
F.. and F quantities given by Equations (B-IO) and (B-ll) 
f excitation frequency 
G coefficient of deflection term; Equation (B-13) 
g gravitational acceleration 
H coefficient of deflection term; Equation (B-13) 
h plate thickness 
I moment of inertia 
I. integrals in Appendices C and D; i = 1,2, . . . 
X 
J . in tegra ls in Appendices C and. D, i = 1,2, . . . 
K l inear spring constant 
k to rs iona l spring constant 
L "beam length 
LVDT linear variable differential transformer; a 
displacement transducer 
NL dynamic mass; ratio of the excitation force to 
the resulting acceleration (= J'/A.) 
m mass per unit length of a beam or mass per unit 
area of a plate 
m and n number of vibrational modes 
P and P axial load and its critical value 
cr 
Q,,Q and Q, dummy variables used in Appendices C and D 
q intensity of uniform lateral loading on a beam 
q and q_ quantities defined in Equation (1-26) 
R aspect ratio of a rectangular plate; equals 
b/a; 0 ̂  R £ i 
T kinetic energy of the vibrating plate 
U strain energy of the plate and the associated 
rotational springs 
U jU ,...,U energy terms used in Appendices C and D 
-L c. y 
W beam or plate deflection function 
W~ ~,W ,W . & W^ beam deflection functions corresponding to 
O O 0 0 0 0 0 0 © © 0 0 j r - o 
combinations of extreme rotational restraint 
conditions 
W. . where i,j,k and £> can take either 0 or °°. 
The deflection function of a plate whose edges 
are subjected to rotational restraints of 
parameters i,j,k and t> 
X I 
X nondimentional coordina te a x i s , X = x/L 
x, y and z coord ina te axes system 
3 nondimensional r o t a t i o n a l r e s t r a i n t parameter . 
For a beam 3 = kL/EI . For a p l a t e 3 = ka/l) 
on x = cons tan t s ides and 3 = fcb/5 on 
y = cons tan t s ides 
^1*^2'^ and' ̂  rotational restraint parameters at the ends of 
a "beam or restraint parameters per unit length 
at the edges of a plate. 
Y linear restraint parameter; Y - KL /EI 
6 function given by Equation (2-17). Also 
lateral deflection of the plate given in Table 
22. 
e expression defined in Equation (1-15). Also 
the bending strain given in Table 20. 
9 cylindrical coordinate used in Chapter III. 
X beam frequency parameter defined in Equation 
(?-6) 
p, , t he n e igenvalue for a v i b r a t i n g beam 
' subjected to rotational restraints 0 and 3 ; 
2 * / - k, 
\1 - , = W T O = U a H Q < / m L / E I 
n n ,12 n,12 n,12 V ' 
M>1, p-p and p,q t h e frequency parameters of beams wi th ends 
hinged-hinged, clamped-clamped and hinged-
clamped, given in Equation (1-26) 
cp(R) func t ion of R defined by Equat ion (2-18) 
\|r_ and \|r are d e f l e c t i o n funct ions for the p l a t e , used in 
the d i s cus s ion of Chapter I I on ly . 
xii 
uo nondimensional nJ frequency parameter 
n 
n 
2 * / - k, 
uu = \i = uo / mL /EI for beams, n n n \ ' 
* I - h , -
uo = uo J mb /D for p l a t e s 
n n V ' 
* t h 
uo the n natural frequency of vibration of a 
beam or a plate 
-̂ipoh fundamental frequency parameter for a plate 
subjected to rotational restraint parameters 
$ , p , 0 and 0, on the sides x = -a/2, 
x = a/2, y = -b/^ and y = b/2 respectively, 
(see Figure 2) 
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SUMMARY 
The work discussed in this thesis lays the foundations for 
correlating the vibrational, flexing and buckling characteristics of 
elastically restrained column and plate structures. It demonstrator. 
that potentially powerful methods for non-destructive evaluation of 
critical axial loads based upon vibrational characteristics are feasible. 
In Chapter I extensive use is made of a rational function 
technique to develop simple approximate expressions for both the 
natural frequencies and mode shapes of uniform elastically restrained 
beams. These developments are of importance both to the practising 
engineer and to the further research. For the former they provide 
high accuracy simple and readily usable general formulae. Their 
significance in the research aspect arises from the fact that the 
technique enables variable separation to be used. Thus the vibrational 
characteristics of plates become more tractable. This subject is 
dealt with in depth in Chapter II. Using a simplified energy solution 
the vibration of rectangular plates with unequal elastic rotational 
restraint on the several edges is treated. A simple explicit-relation-
ship is developed. From this relationship numerical results are 
readily obtained and such results have been used in conjunction with 
the rational function approach to devise extremely simple general 
relationships for plates. These relationships are as directly 
applicable by practising engineers as those derived for columns. 
XTV 
No direct correlation between the flexing and vibration 
characteristics has either been found or sought. However, in Appendix 
A a general expression for beam displacement in terms of restraint 
parameters and behavior under "idealized" conditions is generated. 
This work gives clear broad implications with regards to non-destructive 
testing, 
The subject of non-destructive testing of columns, plates, and 
shells is dealt with in Chapter III. Here it is shown that the dynamic 
mass variation in a compressed structure can effectively be used to 
determine, non-destructively, the critical load level for the structure. 
The accuracy with which this can be accomplished is high. 
I 
CHAPTER I 
APPROXIMATE FORMULAE FOR THE VIBRATIONAL CHARACTERISTICS 
OF BEAMS WHOSE ENDS ARE SUBJECTED TO 
ELASTIC RESTRAINTS 
Int rod-get ion 
The analytical determination of the critical frequencies of 
elastically restrained beams is an eigenvalue problem and the method 
of solution is well known and straightforward. The characteristic 
equations which define the various natural frequencies can be 
established readily. These equations, being transcendental, do not 
admit a closed form solution. However, graphical and/or numerical 
methods can be used to determine the roots but, frequently, great 
amounts of labour are involved. 
Standard engineering handbooks, e.g. [l], list natural fre-
quencies only for beams with "extreme" boundary restraints, i.e., 
boundaries which are either simply supported or clamped. However, for 
realistic structures, the end conditions are not generally so simple 
and some degree of elastic restraint always exists. Few attempts have 
been made to formulate simple solutions when these practical conditions 
exist. Newmark [2] presented an approximate solution for the case of 
a beam whose ends were rigidly supported against lateral displacement 
and elastically restrained against rotation. The formula, which he 
2 
derived by numerical calculations from the exact solution , is accurate 
to within 1+$. 
Currently, the specific case referenced is the only one for 
which a simple formula exists. Thus, in general, for elastically 
restrained beams solving the transcendental equations is inevitable. 
Such process has little appeal to the design engineer since it is both 
lengthly and laborious. 
There is no doubt that for practical applications, a simple 
formula, accurate within engineering limits, is preferable to a 
tedious rigorous analysis which yields only slightly different answers. 
Similarly, from an analyst's viewpoint a good approximate solution to a 
problem often leads the way to deal with the more complex situations. 
This is particularly true when the approximation process brings con-
current mathematical and conceptual simplicities. These, then, are 
the fundamental issues which create the need to develop simple approxi-
mate solutions. 
In the remainder of this chapter a general process for dealing 
with the vibrational characteristics of elastically restrained beams 
will be presented. The technique will be applied to a number of 
specific cases as delinated in Figures 1 (a), (b) and (c). The first 
case will be treated in detail and the results for the other two will 
be given in a concise form. 
* The term "exact" is used to describe the eigenvalues obtained from 
the characteristic equation by an accurate numerical scheme. 
B 






Figure 1. Beams with Elas t ic End Res t ra in t s . 
k 
Method of Solution 
The method used in the following work is based on rational 
functions [3]? [̂-]» Briefly the technique is to represent the frequency 
parameter as the ratio of two polynomials in the end restraint para-
meters. For the simplest approximation these polynomials are taken to 
be of the first degree and in these circumstances the frequency relation-
ship can be expressed as 
a f3+a 
The coefficients a , a0, b and b are then evaluated by forcing this 
function to match the exact numerical values under a number of 
conditions. In general, higher approximations can be obtained by 
considering second order polynomials in the form 
a..B2 + a B + a_ 
u> = - h ; 2 (1-2) 
b ^ + b23 + b3 
Although the above form of the rational function gives the most 
direct and convenient expression for the purpose of computation, other 
non-direct expressions can also be developed. The choice is governed 
by the purpose for which the approximation is desired. Another useful 




u) = e 1 2 (1-3: 
where, as before, the a's and b*s are coefficients to be evaluated. 
This form is particularly of value when formulating relationships 
between buckling and vibration [.5]. 
Beams with Ends Laterally Supported and Elastically 
Restrained Against Rotation 
Approximate Formulae for the Vibrational Frequencies 
We shall begin this section by considering the symmetric case 
of Figure 1(a). The solution will be taken in the form of Equation 
(1-2). For simplicity the polynomials will be assumed as complete 
quadratics in the parameter 3 thus 
'V+a2 2 
For the fundamental frequency compliance with the numerical solution 
will be forced for three values of end fixity. These will be taken to 
be at 
(j. = n 
\± = ̂ 73^f 
M- = 1.25TT 
3 - 0 
3 = CO 
3 — 5. 
-X-
72 
* The question of the choice of the third condition is discussed at 
the end of this chapter. 
Thus, the c o e f f i c i e n t s are determined and the formula can be w r i t t e n as 
/9ft + 1 M M M 
^ = n Up + W (1"4) 
The error in the frequency given by this formula is shown in 
Table 1 from which it can be seen that the maximum error is less than 
1%. 
If we consider the exponential form: 
al^+a2' 
*F*;) 
ci) = e 
•x-
and force the express ion t o s a t i s f y the exact frequency a t P = 0 , 3 
and °° (where the frequency parameters are TT5 3.71? ^ .73 r e s p e c t i v e l y 
we ob ta in 
93 
2 2 Vlip + U9' '-, c> 
a) = (j, = rr e (1-5) 
and the e r r o r i s shown i n Table 2 . 
Higher f requencies can a l s o be obta ined in a r a t i o n a l funct ion 
form. For example, i t can be shown t h a t t he second and the t h i r d f r e -
quencies can be expressed i n the fol lowing forms. 
»* - - ( 2 ^ : it-6") d-6) 2 " " \ P + 9.85 
2 
Table 1 . Accuracy of ui = / = ^ { ^ " H ^ t f ) 
0 u> exact n
2(2g±lg3I) # E r r Q r 
0 9.86959 9.86050 n.000 
.1 10.0656 10.055^ -0.102 
.2 10.25U5 10.2361 -0.180 
• 5 10.7818 10.7^87 -0.307 
1 11.5518 11.5157 -0.312 
2 12.7937 12.786 -0.060 
5 15.1894 15.279^ 0.592 
10 17.2695 17.^103 0.816 
100 21.5^18 21.^761 -0.305 
1000 22 .2Qkh 22.1295 -0.695 
100000 22.36^3 22.1988 -0.7U 
Maximum j0 E r ro r  
22.3733 22.2066 -0.7^5 
9.7 17.1797 17.32 +0.816 
i» -
2 2 LllB + ̂9_ 




f 9P n 
°Jo E r ro r P a






. 1 10 .O656 10 .0U85 -0 .17 
• 5 10 .7817 10 .7191 -O.58 
1 11 • 5518 11 .1+668 -0 .73 
3 13 .7618 13 .7183 -0 .32 
5 15 ,1893 15 .2130 0.16 
10 17.2694 17.3831 0.66 
100 21 .5^18 21 .6012 0.28 
1000 22 .281+2 22 .2872 0 .01 
10000 22 .372 22 .267k -0 .02 
Maximum i Error is: -0.75 at 0 =1.2 and 
0.77 at 8 = 15 
and 
3̂ ~ n V 3 + 3^.35 ) (1'7) 
It is interesting to note that Equations (l-*0 , (1-6) and (1-7) can "be 
rewritten as follows 
p. - T i ( l + ^ - p ) ( 1 - 8 ) 
2P + TT 
M. - TT ( 2 + P ) (1-9) 
d 23 + 2TT 
M. ~ TT ( 3 + § - ) ( 1 -10 ) 
J 23 + 3TT 
which suggests that one may write 
u ~ T T ( I I + —^) (1-11) 
2P + nu2 
and the accuracy of this expression is shown in Table 3 for n = 1,2,3. 
It is also to be noted that this expression strongly resembles that 
which Newmark obtained by different analysis [2]. 
If we consider the nonsymmetric case we should anticipate that 
Equation (1-2) would be modified by the presence of two restraint para-
meters and would show no bias with respect to either. Therefore, we 
may write 
2 2 
Table 3» Percentage E r ro r in U) = M- L = TT i n + 
3 


































Maximum % Error 
+ 1.73 a t 7.5 
- O.75 a t °° 
+ 0.01+ a t 25 
- O.OlfU a t 3 
-O.3I* a t 30 
n 
0) = Lb 
12 ^12 
2 V l P 2 + a g l
P l + U + a3 
b A P 2 + b 2 (
P l + P 2)
 + b3 
(1-12) 
which reduces to the form of Equation (1-2) when 6 = 8 = 3 . 
To evaluate the coefficients we shall force the expression tc 
satisfy the following five conditions. 
P l = P 2 = 0 > |J. = TT 
P l = P 2 = 00 M- = ^.73 
P-L = 0 , 3? = °° M- = 3.9^7 
Px = o , 3 . = 1 H = 3.2733 
^ = 1 , 3 = 2 P2 \i = 3-57^8 
Hence we obtain the formula 
2 2 , 
^12 = n + 
12.5 PXP2 + 3 6 . 7 ( 3 1 + P2) 
p i 3 2 + 6 - 6 ( 3 i + 3 a ) + 3 6 , 9 
(1-13) 
which i s accura te t o wi th in 0.15% as shown in Table k. 
I t i s worthwhile t o note t h a t by f u r t h e r a l g e b r a i c manipula t ion 
Equation ( I -13) may be reduced to 
2 2 r (
1 - 5 0 5 3 1 + 6 . 0 7 ) ( l . 5 0 5 3 2 + 6.07) + 1 . 2 ^ + P2)-
^12 = T T 
( 3 X + 6 . 0 7 ) ( 3 2 + 6.07) + . 5 3 ( P I + 3 2 ) 
2 2 
Tab le k. Accuracy o f ou = M, = TT 
12.5 3-1BQ + 36.70,+PJ 1 "2 ' 
^ B 2 + 6 . 6 ( 3 ^ ) + 36.9 
E r r o r 9; 
. 1 .5 10 100 1000 10000 
0 0 .002 .012 .009 - . 0 2 - .01* - . 0 5 - . 0 7 - . 0 8 - . 0 8 
• 1 . 007 .015 . 0 1 1 - . 0 2 - .01* -.01+ - . 0 6 - . 0 7 - . 0 7 
i 5 . 017 .Oil* - . 0 1 - . 0 2 - . 0 3 - . 0 5 - . 0 6 - . 0 6 
1 .010 - . 0 1 - . 0 1 - . 0 1 - . 0 3 - .01* -.01+ 
3 .007 .020 .01*1* .029 .010 .008 
5 .01+6 .080 .067 .01*5 .01*3 
10 .125 .111* .087 .08U 
100 .090 .059 .055 
1000 Max. e r r o r — 0 . 1 5 % .021* . 0 2 1 
10000 




t h u s j 
»12 = " 
(1.505 0 1 + 6.07)(l .505 3 2 + 6.07) 
( P 1 + 6.07)(^2 + 6.07) 
x (1-1*0 
1 + 
^ ( ^ + 0 
1.505 P 1 + 6.07)(l .505 3 2 + 6.07 ) 
\ 
1 + 
•53 ( ^ + 32) 
( p i + 6.07)(p2 + 6.07 
For all values of 3 and 3 in the ranges 0 ^ $ ^ °° 
and 0 ̂  P ^ °° , the quantities "between the square brackets are small 
compared to unity. Therefore by use of the "binomial theorem, the 
quantity in the "brace bracket can be approximated as follows 
{} 1 + 
I .<P 1 + e2) 
(1.505 3X + 6.07)(l .505 P2 + 6.07) 
. 5 3 ^ + P2) 
Px + 6.07)(P2 + 6.07) 




p i + PC 1 - 2 - -53) 
(1.505 P, + 6.07j(l .505 P2 + 6.07) 
Ik 
i . e . 
e < •
6i\+ p 2 ) 
2.26 P1P2 + 9 . l ( p 1 + P2) + 36.8 
hence 
, 2.26 B 8 36.8 
I > 13.6 + — - ^ + —, Y 
Since t h e second and t h i r d terms are always p o s i t i v e , 
1 > 13.6 
i . e . 
S < 1 ^ (= -°™) 13 
Thus, as a f i r s t approximation e may "be neg lec ted compared t o u n i t y 
and hence Equat ion (1-.1J+) reduces t o 
2 (1 .505 ^ + 6 . 0 7 ) ( l . 5 0 5 P2 + 6.07J 
( p i + 6 . 0 7 ) ( 3 2 + 6.07) 
V^T" " ^ " ^ ^ ~ (1"16) 
The accuracy of this formula as determined by numerical calculation 
and comparison is within h% as shown in Table 5* 
It is clear from the above expression that the critical 
frequency for a beam with end restraint parameters P_ and |3 is 
very nearly the geometric mean of the frequencies of the two symmetric 
beams with restraint parameters (3 and S respectively, i.e., 
2 2 ,1 .505 Px + 6 . 0 7 w l . 5 0 5 P2 + 6.07x 
Table 5. Accuracy of u)no = \i10 = n (v R ^ ^ nry J{ + , J 
12 12 ^ P 1 + 6.07 3 2 + 6.07 
Er ror ^ 
0 
H l 
0 1 • -i- .5 n J. 
- i 
0 5 10 100 1000 1000c 
0 0 -0 .17 -O.76 -1 .30 -2.1*6 -2 .95 -3.1+1 -3 .68 -3 .66 -3 .66 
. 1 -0.3*+ -0 .88 -1 .39 -2.1+6 -2.92 -3.33 -3.55 -3 .53 -3.52 
.5 -1 .29 -1 .67 -2.U5 -2 .77 -3.05 -3 .10 -3 .05 -3 .05 
1 -1 .92 -2 .43 -2 .63 -2.76 -2 .65 -2 .59 -2 .58 
3 -2.32 -2 .23 -2.C6 -1 .62 -1 .52 - 1 . 5 1 
5 -2 .00 -1.70 -1 .13 -1 .03 -1 .02 
10 -1.29 -0.6p -0 .55 -0.51+ 
100 -0 .17 -0 .12 -0.12 
1000 -0 .09 -0 .08 




'12 = As. " " l l »2? ( 1 _ 1 ? ) 
This relation can also be verified if we use the expression for 
ii (and M»p9) as that given by Equation (l-li), thus 
2 2 /9 P1 + 1 0 T V 9 P 2 + 1 0 T T \ 
•"12 = "12 = " ' Up + JflnAep + l o J ( 1 " l 8 ) 
The error in this formula i s , again, not more than k^o as shown 
in Table 6. 
It is interesting to note that, although the constant terms in 
Equations (l-l6) and (1-18) are different (being 36.̂ 4 and 27.5 
respectively) the accuracy of both formulae is almost equal. This 
suggests that a further simplification might be considered, namely 
" =" ( t ^ ) <"0 
which has a maximum error of -Vfo. For the nonsymmetric case this 
yields 
P ? ,3P, + HN/3P, + 11A 
1̂2=" {2^u){^T-Jl) d"20) 
in which the maximum error is -k%. 
Other approximations of higher accuracy can be obtained if the 
2 2 /
9 P 1 + 1 0 n ' ^ / 9 P 2 + 10TT\ 
Table 6. Accuracy of w = n = n U _ + 10rT/) U + 1 0 J 
Er ror 
P2 
. 1 .5 1 3 5 10 100 1000 10000 
.0 0 - 0 . 1 3 - 0 . 2 6 - 0 . 3 2 - 1 . 0 6 - 1 . 5 2 - 2 . 3 1 - 3 . 6 8 - 3 . 3 9 - 3 . 9 9 
. 1 - 0 . 1 - 0 . 2 7 -0 .U7 - 1 . 0 8 - 1 . 5 2 - 2 . 1 9 - 3 . 5 0 - 3 . 7 1 - 3 . 7 3 
. 5 - 0 . 3 1 - 0 . 3 7 - 0 . 7 0 - 1 . 0 -I.5I4 - 2 . 6 8 - 2 . 8 7 - 2 . 8 9 
1 - 0 . 3 1 -O.36 -0.51+ - 0 . 9 3 - 1 . 9 2 - 2 . 0 9 - 2 . 1 1 
3 0 . 2 2 0.31+ 0 .25 -0.1+1 - 0 . 5 5 -O.56 
5 0 . 5 9 0.61+ 0 . 1 0 - 0 . 0 3 - 0 . 0 5 
10 0 .82 0 . 3 3 0 .20 0 . 1 8 
100 - 0 . 3 0 -0.1+9 - 0 . 5 1 
1000 - 0 . 6 9 -0„72 
10000 -O.7I+ 
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arithmetic mean of the square root of the f requeneies u. n n 
3 n , l l 
and 
\i __ is considered, "viz n,22 
k 
. V l l + ^n,22 
n,12 2 
If Equation (l-U) is substituted into Equation (l-2l) we obtain 
(1-21) 
n 
- 9 3 , + IOTT 93,, + IOTT-
u i 2 s= 2 LSp + icm + 63^ + IOTTJ ( l ' 2 ^ 
which is accurate to within 1% as shown in Table 7-
Similarly if Equation (l-19) is substituted into Equation 
(1-21) we get 
TT /3 P1 + 13- 3 P 2 + ^ 
^12 = 2 Up + 11 + 23n + l J
 ( 1" 2 3^ 
and the maximum error in this case is -1%. 
By use of the arithemetic mean law an expression for the 
higher natural frequencies of -vibration can also be obtained, viz 
V12 = I i> + —-H- + —fir] (1-2^) 
23n + n n 23p + TT n 
and the maximum errors in the frequencies obtained by this formula are 
2 , 93 , + lOn 93^ + lOn 
Table 7 . A c c u r a l of u ^ = ^ 2 = T (o£L + IOTT + b / + 10n/' 
1 "2 




0 . 1 ,5 1 3 5 10 100 1000 1000c 
0 0 - 0 . 0 5 - 0 . 2 2 - 0 . 3 5 - 0 . p l -0 .5 -0.1+1 -o.o6 0 . 0 1 0 . 0 2 
. 1 - 0 . 1 0 -0 .2U - 0 . 3 5 -0.1+7 -o.i+u - 0 . 3 ^ 0 . 0 1 0 . 0 8 0 . 0 9 
.5 - 0 . 3 1 - 0 . 3 ^ - 0 . 3 1 -0.21+ - 0 . 1 0 0 . 2 6 0 . 3 3 -0.31+ 
1 - 0 . 3 1 - 0 . 1 6 -0.01+ 0 . 1 3 0.U8 0.5U 0 . 5 5 
3 0 . 2 2 0.1+1 0 . 5 9 0 . 8 2 : , 8 5 0 . 8 5 
5 0 . : 9 0 . 7 5 .̂&3 0 . 8 3 0 . 8 3 
10 0 .32 o.6i 0 . 5 6 3 .55 
100 - 0 . 3 0 -o.i±9 - 0 . 5 1 
1000 - 0 . 6 9 - 0 . 7 2 




(5,10) f o r n = 1 
( 5 , «>) f o r n =r 2 
(0,10) f o r n = 3 
(100,100) f o r n - k 
(100,100) f o r n = 5 
Although Equation (l-2U) does not have the accuracy that was 
attained in Equation (1-13) for n = 1, it has the great virtues of 
simplicity and generality. 
The several formulae which have "been derived by expressing 
the nonsymmetric case in terms of the two corresponding symmetric cases 
are fully consistent with prior observations on nonsymmetric boundary 
conditions. Newmark [.2,6], in both of his studies of the instability 
and vibration of columns derived geometric mean laws, Ludquist [7] 
and Stowell [8] developed similar expressions in their studies on 
plates. They however considered arithmetic mean laws as well as 
geometric. 
Approximate Formula for the Mode Shape 
In Appendix (A) an exact general formula for the deflection of 
elastically restrained laterally loaded beams is derived by use of a 
rational function technique. This formula expresses the condition for 
specific restraint parameters in terms of the behaviors when the end 
fixities are zero or infinity or combinations thereof. The expression 
therein described satisfies exactly the pertinent differential equation 
1.85$ at 
0. kP'i at 
- 0 .2 l i at 
-0.23$ at 
- 0 . Xfjo a t 
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and t h e a p p r o p r i a t e boundary c o n d i t i o n s . The g e n e r a l i t y of t h e r e s u l t 
s u g g e s t s s t r o n g l y t h a t a s i m i l a r s i t u a t i o n migh t w e l l be t r u e f o r b o t h 
of t h e b u c k l i n g and v i b r a t i o n a l s h a p e s of co lumns . 
In v i ew of t h i s we i n v e s t i g a t e i n t h e f o l l o w i n g p a r a g r a p h s t he 
a p p l i c a b i l i t y of t h e c o n c e p t . To b e g i n w i t h we t a k e t h e d e f l e c t i o n 
f u n c t i o n i n t h e form 
W = 
a l + a 2 P I P 2 + a 3 P l + % P 2 
\ + \ \ pr> + Vi + \ P2 
( l - 2 [ 
As t h e r o t a t i o n a l r e s t r a i n t p a r a m e t e r s (3 and |3 r e a c h 
t h e i r e x t r e m e v a l u e s , i = e . , z e r o o r i n f i n i t y , t h e mode shape t a k e s t h e 
c o r r e s p o n d i n g form as g i v e n be low 
WQ Q = s i n \±1 X 
W = O.63 cosh jl X - cos p[ X + q ( s i n Ti0X - s i n h jl X) j 
Wro = O.69 I cosh pi X - cos p. X + s i n \i X - s i n h [i0XJ 
0 OT .98 s i n pi X - n s i n h \i X 
i>(l-2t) 
where 
0 £ X £ 1 , x = x 
5-L = TT , ^ 2 = ^ .73 , S 3 = 3-927 
cosh JL - cos jl / 
q = f = O.9825 for t h e f i r s t mode) 
s inh Ji - s i n ji 
^ 2 = 
s in ji + cos JL f 
i i_ ( = _ O.O278635 for the first model 
cosh p. + sinh \i 
The above shapes were obtained by use of the classical methods 
for solving the differential equation as given in standard text books 
[9,10]* These shapes were normalized such that the mid-span deflection 
is unity. 
Substituting the shapes pertinent to the extreme values of 
(3 and |3 in Equation (1-25) we obtain relations between the a's and 
b's and hence Equation (l-25) reduces to 
n
 b l WQ 0 + b 2 Pj Pg
 W~ cc + * 3 h K 0 + \ Pg Wp , 
w = - d-27) 
bl + \ \ P2 + b3 Pl + \ S2 
To determine the ratios between b , b , b._ and b» one resorts to the 
three conditions that have been outlined in Appendix (A.) , namely, the 
symmetry of the mode shape when (3 = 3 = 3 and the relationships 
between the bending moment and the slope at both ends. 
By following a similar argument as that developed in the 
appendix the symmetry condition leads to 
23 
b 3 = \ (1-28) 
and the bending moment-slope r e l a t i o n s give 
b l = 
W" „ 
oo 0 
w 0 0 J 
ID i+ 
x = 0 
(1-29) 
and 
r T , / 
b = 
2 
W 0 °° 
w 
• b, 
x = 0 
(1-30) 
The results are grouped and summarized in Table 8. 
The approximate mode was compared to the exact shape which was 
derived in Appendix (B). The magnitude of the deflection and the error 
percentage in the approximate shape were evaluated at steps of one 
tenth the beam length. Towards the ends of the beam the exact deflec-
tion tends to zero and therefore the error calculated becomes meaning-
less. However, if we restrict our computation, arbitrarily, to the 
range between one tenth and nine tenth of the span, the maximum errors 
are found to be -1.25$ at 3 = 0 and P = 20 and x = 0.9L; and 0.75$ at 
Px = 0, P2 = 5 and x = O.lL. 
Table 8. Summary of Approximate formulae for the Vibrational 
Characteristics of Beams with Elastic End Restraints 
"ase (a) Equal Restraint L.ET 
C h a r a c t e r i s t i c Equations and Approximate Formulae Matching Poin t s Maximum % E r ro r i n uu (= \i ) 
2 p. s i n [i s inh \i 
+ 2 \i 3 ( s i n (JL cosh IJL - cos \i s i n h \x) 
+ 3 ( l - cos \i cosh \i) = 0 
'93 + 10m 
' \6fi + i o J 
p. = TT e 
_ _ 9 P _ 
l i p + 1+9 
Pn = TT l n + 
3 
23 + TT n 
0, 5-72, ~ 
> O j 
0.82 a t 3 = 9-7 
- 0 . 7 - a t 3 = °° 
-0 .75 a t 3 = 1.2 
•+O.76 a t 3 = 15 
n = 1: 1.73 a t M 7.5 
n = 2: -0 .04 a t 3 = 3 
n = 3 : -0 .34 a t 3 = 30 
Table 8. (continued) 
Case (a) Unequal Restraint j S * . 
2, C h a r a c t e r i s t i c Equations and Approximate Formulae Matching Points Miximum f0 E r ro r in CJU(= p. ) 
2 |J, s in [i s inh |i 
+ p,^P + p j l ^s in JJL cosh p 
+ P p ( l - cos I_L cosh |j,) 
cos |_L s inn |i 
0 
2 2 1 2 ' 5 P l 32 + 3 6 ' 7 ( 3 1 + V 
uu = |i, = n + 
3 1 32 + 6.6(P1 + P2) + 36.9 
( 0 , 0) 
(°°, °°) 
( 0 , 00) 
( o ? 1) 
( 1 , 2) 
0.15 a t (20, 50) 
-0.08 a t (0 , °°) 
2 2 /
9 P 1 + 1 0 T V 9 P 2 + 10TT^ 
10 = ^ = n Vo^~ric^yUp2 + 10J 
eometric 
mean 
0,82 a t (10, 10) 
• h . O a t ( 0 , 00) 
ro 
VJI 
Table 8. (cont inued) 
Case (a) Unequal Res t r a in t <& L.ET 
C h a r a c t e r i s t i c Equat ions and Approximate Formulae Matching Points Maximum f; I r r o r in uu( = (jT) 
TT 
M- = 3 
93-. + lOrr 9B + 10rr \ 
—± + _£ J 
6P + IOTT 63 9 + IOTT ' 
ar i thmet ic 
me an 
' .85 a t ( 1 , *) 
-0 .75 a t (*>, 
Vl2= 1 ^ + — — 2 
P-
2 3 1 + r n 2 3 2 + n
: n ' 
^ r i t hm^ t i c 
mean 
I085 a t 5 , 10 & n = 1 
,k2 a t 5 , °° & n = 2 
• . 21 a t 0 , 10 & n = 3 
• .23 a t 100, 100 & n = 4 
• . 2 6 a t 1 0 0 . 100 & n = 5 
rv) 
cr, 
Table 8. (cont inued) 
Case (a) Unequal R e s t r a i n t 
C h a r a c t e r i s t i c Equat ions and Approximate Formulae Maximum % Er ror i n W 
Mode Shape 
V = 
b l W0 0 + b 2 P l P 2 W - «> + P l W » Q + P 2 WQ 
b l + b 2 P l P2 + h + h 
where 
-1 .25 a t (0 , 20) 
and x = 0.9L 
•K).75 a t (0 , 5) 
and x = 0.1L 
,-W 
1 LW 
7 ° (= 6.77^ for f i r s t mode )̂ 
Utf J v _ ^ \ / 0 0 
= [ — ^ - ^ J = 0 (= 0.1403 for f i r s t mode J 
and VI0 Q? W^ ^ W^ Q and WQ ^ are given in Equat ion (1.26) 
ro 
Table 3 . (.continued) 
"ase (L) *7si L,EI 
C h a r a c t e r i s t i c Equations and Approximate Tormulae Matching Points Maxiirruin $ Error in u)( = u' 
( s i n (j, cosh ^ - cos [i s inh uj 
I 1 -+ cos |j, cosn JJ. J 
M- = 
_ /1.375P + 1.52 -i 
3 + l . 7 2 2 / ' 
> i ^ 1 , : , 0 .7^ a t P = 10 
•0.22 a t M 1 
_ /'1.375P4' - 0.675P - 3.6' 
= ( 
B + 0.6153 - 2.739 
^ 1 P = 1 , 3 , 5, 
1 0 , 00 
0.09 a t B = 20 
•0.17 a t 3 = 5 
1.057 + 1.036^ 
V B + I . 5 9 /' 
- 1, B ^ 1 = l c; 00 
"•"5 ^ 5 
0 .31 a t B = 50 
- 1 . 7 a t P ^ 2.5 
ro 
cc 
Table 8. (continued) 
L,n 
Case (c) 
C h a r a c t e r i s t i c Equations and Approximate Formulae Matching Points Maximum % Er ror in u)( = |_i ) 
cosh (i s i n ( i-s inh I_L cos \i 
3 T n 
= - |i I 1 + cosh |_i cos M- J 
[i = 
1+.01 Y + 30 
1.02 Y + 16 
Y = 0 , 5, 3.8 a t Y = 20 
f l25 Y + 620) 




Beams with Other End Fixities 
Rational function approximations were derived for two more 
cases of elastic end fixities; Figures 1 (t>) and (c). For both cases 
direct expressions as well as exponential forms were developed. Since 
the method of analysis is the same as previously outlined, detailed 
derivations will be ommitted and the final results only will be pre-
sented. Table 8 lists the results pertinent to all the cases that 
have been considered in this chapter. 
Discussion 
The intent outlined at the beginning of this chapter has been 
achieved. Simple, accurate approximate expressions for the vibrational 
characteristics of elastically restrained beams have been obtained. 
Such formulae are demanded for practical applications and they are 
equally of interest in analytical studies. In the next chapter it will 
be demonstrated how such solutions can play an important role in deal-
ing with more complex situations. Specifically they will be used as 
the basis to vastly simplify the solutions for the more complex problems 
of vibration of rectangular plates with elastic boundary restraints, 
With regard to the question of the "matching points", it is 
obvious that the choice of these points determines the error involved 
in the final formula. Therefore it would be desirable to find a 
simple mathematical procedure with which one can determine the best 
matching conditions for optimum accuracy. However, for the type of 
problems with which we have been concerned, compliance with the extreme 
conditions is desirable. For best accuracy, the "third point" can 
clearly be determined by a trial and error process, and the utility of 
the final result amply justifies this expenditure. Nevertheless, in 
most cases of buckling and vibration approximations of accuracies 
within engineering limits were obtained if the mean value of the 
dependent variable was chosen. 
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CHAPTER II 
APPROXIMATE SOLUTIONS FOR THE NATURAL 
FREQUENCIES OF VIBRATION OF RECTANGULAR PLATES 
WHOSE EDGES ARE SUBJECTED TO ELASTIC ROTATIONAL RESTRAINTS 
Introduction 
Except for the case of simply supported edges, exact solutions 
for the vibrational characteristics of rectangular plates are difficult 
to obtain [ll,12]. Approximate solutions for plates with the edges 
subjected to various combinations of extreme fixities are available in 
the literature. Warburton [13] developed solutions for the frequency of 
transverse vibration of a rectangular plate with several combinations of 
free, simply supported and clamped edges. He used a Rayleigh-Ritz type 
solution and generated his displacement function from the products of 
the waveforms of elastically restrained beams. Janish [l̂ +] obtained 
the fundamental frequencies for 18 combinations of extreme boundary con-
ditions. He used a Rayleigh quotient and assumed the waveforms to be 
simple trigonometric functions which satisfied only the geometric 
boundary conditions. Iguchi [15] dealt with the square plate with 
two opposite edges simply supported and the other two clamped. By 
solving the characteristic equation, (see Ref. 16, p. k-7), which 
results from substituting the boundary conditions into the general 
solution, he obtained the first six frequency parameters. Odman [17] 
solved the same characteristic equation with less accuracy than did 
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Iguchi and extracted 36 of its roots. 
Several other approximate solutions for the cases of extreme 
edge fixities have been developed. A comprehensive survey of such 
approximations is presented in reference [l6]. However, there are 
few solutions for the problem of the plate vibration when the edges are 
elastically restrained against rotation. 
One of the earliest attempts to deal with such a problem was 
made for the purpose of investigating the mechanical vibration of a 
chassis used for electronic equipment [l8]. Typically such a chassis 
is formed by bending the edges of a plate down. In the reference cited 
the chassis was treated as a plate with elastic edge supports. The 
Rayleigh-Ritz method was used and a trial function was assumed to be 
an arithmetic average of the eigenfunctions for plates with simply 
supported edges and those having clamped edges. Theoretical and 
experimental results were obtained for a particular chassis. 
Solutions to the vibration of elastically restrained rectangular 
plates have been developed also by two other investigators [19,20]. 
Neither of these considered the general case of unequal restraints. 
Moreover, the solutions they introduced require elaborate and lengthly 
calculations for the determination of the natural frequencies, a situa-
tion which renders their approach inconvenient for practical applications. 
It is most clear from the preceding review that the calculation 
of the vibrational frequencies of elastically restrained plates is a 
complicated problem. In many respects the situation is similar to the 
problem of the beam vibration which has been treated in the previous 
chapter. In addition there are many cases in which exact solutions 
3h 
cannot "be derived even for the extreme boundary r e s t r a i n t conditions. 
In fact we may s ta te tha t in a l l cases of p r ac t i ca l edge r e s t r a i n t the 
determination of the c r i t i c a l frequencies is a most involved computa-
t iona l question. Thus, there i s , even more so, in the case of p l a t e s , 
a sound reason to attempt to develop more readi ly , usable approximate 
solutions for d i rec t appl icat ions . 
In t h i s chapter we t r e a t the general case when the e l a s t i c edge 
r e s t r a in t parameters p ,3 ,P and 3; are unequal. As before, our aim 
is to obtain simple convenient solutions for the natural frequencies of 
vibrat ion in as broad a contend; as possible . 
Two approaches are u t i l i z e d ; a Rayleigh-Ritz type solution and, 
a r a t iona l function representat ion. These are introduced in d e t a i l in 
the remaining of t h i s chapter. 
A Rayleigh-Ritz Solution to the Problem 
In studies of s t ruc tu ra l dynamics approximate solutions for the 
fundamental frequencies of vibrat ion can be derived from Rayleigh's 
pr inciple [ l l , 2 l ] . In such a method i t is necessary to begin with 
displacement functions which sat isfy the geometric boundary conditions 
of the problem. 
Considering the problem of the free vibrat ion of a p la te whose 
edges are r ig id ly supported against l a t e r a l displacement and e l a s t i c a l l y 
res t ra ined against ro ta t ion an approximation for the fundamental f re-
quency w i l l be given by equating the s t r a in energy to the k ine t i c energy, 
tha t is 
U = T (2-1) 
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where 
U is the strain energy of the plate 
b/2 a/2 
"- I J I [(S)
2+ (4-)2 - S r f ] ^ <2-*> 
-b/2 -a/2 S ^ 3 y d x S y 
+HS/2bMf +*M > 
_ b / 2
 x = ' a / 2 x = a/2 
+ tw (|«)
2
 + /|sr, i d x i 
i/2 y y = -b/2 4 V S y y = V 2 J J 
T is the kinetic energy 
2 "b/2 a/2 
T = ^ J J W2 dxdy (2-3) 
-b/2 -a/2 
W is the assumed trial function 
W = W(x,y) 
0) is the natural frequency of vibration 
x & y are coordinate axes as shown in Figure 2 
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z,W 
Figure 2. Elastically Restrained Rectangular Plate. 
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The Ritz method i s an extension of Rayleigh's pr inciple which 
permits simultaneous approximate determination of the f i r s t n 
charac te r i s t i c frequencies of the vibrat ing system. In such a method 
a t r i a l function is assumed in the form 
n 
W(x,y) = Y a W (x,y) (2-4) 
L-iTHm 
m = l 
where, W (x,y), W (x,y),..., W (x,y) are linearly independent func-
tions each of which satisfies the essential boundary conditions of the 
problem. The a (m = l,2,...,n) are parameters with respect to which 
Equation (2-l) will be differentiated. This results in a system of n 
homogeneous linear equations in the a . The coefficients of these 
m 
parameters are known functions of the , as yet undetermined, frequencies 
ou . For a non- t r iv i a l solution of the above system of equations the 
determinant of the coefficients of the parameters a i s set equal to 
zero. The roots of t h i s determinant give approximations to the f i r s t 
n charac te r i s t i c frequencies of the p l a t e . This method was f i r s t used 
by Ritz [22] in the study of the vibrat ion of a square p la te with free 
edges. He assumed the generating function to be in the ser ies form 
N M 
n=l m=l 
( x > y ) - X I "tan W m W ¥ n ( y ) <2"5 ) 
where W (x) and W (y) are the m and n modes of vibration of 
a beam whose ends are supported in a manner similar to that of the 
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corresponding edges of the plate. 
Later, investigators used the Ritz method, together with the 
same -waveform given by Equation (2-5)? in dealing with the vibration 
of plates with various other boundary conditions. 
For the elastically restrained plates, Carmichael [20] 
considered the case of equal elastic restraints on opposite edges of 
the plate. He took the mode shape to be a 36 term series of the form 
given by Equation (2-5.) > (where M = N = 6). He minimized the energy 
Equation (2-1) with respect to the coefficients, but due to the great 
amount of work involved, he did not expand the resulting determinant. 
Instead, by observing that the diagonal terms were much greater than the 
off-diagonal terms he formulated an approximate solution in which the 
mn mode was represented by the mn term only. 
Even with such simplification the problem is involved because 
knowledge of the mode shape and the natural frequencies of vibration 
of the elastically restrained beams are still a necessity. 
There is strong evidence that, if a good choice of a generating 
function is made, a one term representation of the mode shape can be 
used without great loss in the accuracy of the resulting solution. 
Carmichael's observation of the heavily weighted characteristic 
determinant along the diagonal is supported by Young's results [23]. 
Young considered a square plate with several edge conditions. His 
trial function consisted of 36-terms series of the type given by 
Equation (2-5). He obtained the natural frequencies of vibration and 
calculated the relative magnitudes of the coefficients of each term 
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th 
in the series. For an mn mode the predominant coefficient is shown 
th 
to be that of the mn term, the relative magnitudes of the majority of 
the coefficients of the other terras are no more than one percent of 
th 
that of the mn term. Some of the coefficients could he as high as 
15$ depending on how far the nodal lines deviate from straight lines or 
from "being parallel to the plate edges. In fact for those vibrational 
modes which could be described aj mn ± nm modes, the nodal lines are no 
longer straight lines parallel to the edges of the plate and in such 
th th 
cases the relative magnitudes of the coefficients of the mn and nm 
terms become of the same order of magnitude. 
Warburton [13] studied this issue in detail. His trial func-
th 
tions consisted of the principal terms only; namely the mn and tne 
th 
nm modes. He concluded that a good estimate of the natural frequency 
of vibration corresponding to the combined mode shapes can be obtained 
th 
using functions consisting of the mn term only. His conclusion is 
also verified in the present analysis for the elastically restrained 
plates. 
There is no doubt that the application of the Rayleigh-Ritz 
procedure is a straightforward process. The conditions which govern 
the choice of the displacement function are also readily defined, how-
ever, the process of choosing a pertinent function or combinations of 
functions is not so easily delineated. The choice of the generating 
function is fundamental to the issue since this function determines the 
final form of the solution, its accuracy and its conveneince. It 
totally controls the amount of work involved in deriving the solution 
and even determines whether or not a convenient final solution can be 
kc> 
obtained. This situation was clearly observed in the above cited 
reference [20], where the increasing complexity of the analysis became 
prohibitive and a complete solution was impractical to obtain. 
In this section certain useful formulations are adopted in the 
choice of the waveform. These are based upon the rational function 
approach which was successfully used in the previous chapter. They 
bring considerable simplification at the expense of little change of 
accuracy. 
A literature search indicated that a solution for the general 
case of unequal elastic restraints is not known. In order to be able 
to assess the accuracy of our intended approximate solutions, the first 
task undertaken was the development of a general solution based on a 
well established method. A concurrent requirement was of course, that 
this solution should not involve an unreasonable amount of computation. 
That solution will be designated as solution No. 1. Solution No. 2 is 
then obtained by modifying solution No. 1 by inclusion of certain 
simplified expressions which were derived in Chapter I. As a result 
we are able to effect a considerable saving in computational time at 
the expense of little or no change in the accuracy. 
The final solution, designated solution No. 35 was made by 
using a broader approximation than that adopted for No. 2. This in 
essence consisted of taking a simplified waveform developed from the 
more exact by a rational function approach. 
Solution No. 1 
The mode shape was taken in the form 
in 
W (x,y) - W (x) W (y) (2-6) 
ran m n 
where 
X x A. x A x A x 
W (x) = A cosh + B s inh + G cos + D s i n 
m m a m a m a m a 
%y V n̂y V 
W (y) = E cosh — — + F sinh — — + G cos — — + H sin —;— 
n n b n b n b n b 
th 
\ is the m frequency parameter for a beam whose ..nds are 
km 
subjected to elastic rotational restraints defined b.,* the 
parameters (3.. and 3p. 
th 
|j, is the n frequency parameter for a beam whose ends are 
subjected to elastic rotational restraints defined by the 
parameters 3 and f3i . 
A , 0.., D and E ,..., H 
m m n n 
are given by e i ther Equation (B-12) or (B-13) in appendix B, 
and 
- I ^ x ^ I and - - £ y ss ^ , see Figure 2. 
Equation (2-6) is used to evaluate the energy terms given by 
Equations (2-2) and (2-3)? and the frequency is obtained from Equation 
(2-1) . Details of the computation are given in Appendix C. 
In Table 9 "the above solution is compared to tha t which 
.'able 9. Comparison of Solutions Ho. 1 and 
Solution of Ref. [20] at 3 = 3 = 
to the Series 
= 20 
3 % 
S o l u t i o n R 
Mode Number and Shape 

















l I " 
i 
Reference [20 ] 
S o l u t i o n No. 1 
S o l u t i o n No. 2 
3 J . 09 
31 .159 ( .22) 
31.153 ( .20) 
64 
64 
6 4 . 3 1 
.523 ( . 




95.85 117 .3 
; . l 6 ? ( .33) 117.404 
).125 ( .28) 
116.8 
( .09) 117.404 ( .52) 
147.6 
148.02 ( .28) 












T l " 
) • 
Reference [ 2 0 ] 
S o l u t i o n No. 1 
S o l u t i o n No. 2 
25.60 
25.36 ( .23) 
25 .356( .22 ) 
4 
4 
4 6 . C2 
5.17 (• 




60 .16 (,3> 
60.15 ( .29) 
79 .06 
79.33 (.3*0 
79 .39 ( .29) 
79 .24 
79 .5 ( .33) 




( . 2 5 ' 
Note: The quantities between crackets are percentage 
error as compared to the series solution of reference 20. 
-continuea-
±able 9. (continued) 
b 
a 
Mode Number and Shape 




! 1 1 
1 
1 
1 1 1 
M i l 
1 i 1 
1 1 1 






Solution No. 1 
Solution No. 2 
22.30 32.58 
22.3U8 (.22) 32.68 (.31) 





57.11 (.21+) 67.17 (.31) 
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Solution No. 2 
20.30 
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Carmichael [20] obtained using a generating function consisting of a 
36-term series. The only available numerical values are those corre~ 
sponding to a rectangular plate with rotational restraint parameters 
equal to 20 on all edges. It is seen that the discrepancy is less 
than 0.5%. It is also clear from Table 9 that for higher frequencies 
where the nodal lines may no longer be parallel to the plate edges a 
solution obtained by use of a one generating function (i.e., solution 
No. l) still results in excellent frequency estimates even though the 
assumed mode shape is appreciably different from the exact one. The 
solution is compared to Iguchi's exact solution [15] for a specific case 
of extreme edge conditions. This comparison is shown in Table 10. 
Solution No. 2 
In the solution developed in the preceding paragraphs the 
numerical determination of the plate frequency depended upon a knowledge 
of the analogous frequency for the elastically restrained beam which 
defined the assumed waveform. 
The frequencies of vibration of such elastically restrained 
beams are obtained by numerically searching for the roots of the 
pertinent characteristic equation. This is generally an iterative 
process. The work involved in this part of the numerical analysis 
is far greater than that required for the remaining computations needed 
to calculate the plate frequency. This difficulty is experienced due 
to the fact that the beam eigenvalues are implicit functions of the 
restraint parameter "0". A considerable amount of computational time 
can be saved if those eigenvalues were expressed as explicit functions 
Table 10. Comparison of Solution No. 1 vs . Solution of Reference [15] 
Solution 
Frequency Parameter w 
R = 1 R = 1/2 R = 1/3 
























* Denotes the percentage discrepancy as compared to Solution of Reference [15] 4=-
vr 
k6 
of £, a situation which can be achieved by use of the approximate 
formulae that were developed in Chapter I by a rational function 
technique and which are given by Equations (1-13) and (1-2^)(for the 
fundamental and higher frequencies respectively). 
Those approximate frequency parameters when introduced into 
solution No. 1 result in trivial changes in the accuracy as seen in 
Tables 9 and 11 where solutions Nos. 1 and 2 are compared over large 
intervals of the elastic restraints and the aspect ratio. 
Due to the excellent agreement of the two solutions e i ther one 
can be used as the reference solut ion. 
Solution No. 3 
This th i rd solution fully demonstrates the importance of 
ra t iona l function approximations when dealing with the re la t ive ly 
involved problem of the determination of the v ibra t iona l frequencies for 
e l a s t i c a l l y res t ra ined rectangular p l a t e s . 
The Rayleigh-Ritz approach, as previously outl ined, is used. 
The waveform is taken in the form of Equation (2-6) . However, W(x) 
and W(y) are subst i tuted for by the approximate formula for the mode 
shape of the beam which is given in Equation (1-27)• 
In essence this substitution makes the mode shape an explicit 
function of the edge restraint parameters, and in fact simultaneously 
"separates" the variables. 
The analysis becomes most straightforward and is given in 
Appendix D. The expression obtained for the frequency is clearly seen 
to be an explicit function of the elastic restraint parameters |3 , ...,|3» 
Table 1 1 . Comparison Between Solu t ions No. 1, 2 and 3 
(R = L P ) 
R e s t r a i n t Parameters Frequency Parameters 
P2 P3 \ 
So lu t ion 
No. 1 
Solut ion No. 2 So lu t ion No. 3 
p l U) E r r o r % u> E r r o r °jo 
0 1 1 5 
0 0 5 1000 
0 0 1000 1000 
0 5 5 5 
1 5 1 5 
1 5 5 1000 
5 1000 5 1000 
5 5 1000 1000 
5 1000 1000 1000 
10 1 5 10 
1000 0 1000 0 
1000 0 0 10 
1000 10 10 5 
























2 6 . 0 7 ^ 0.00 
27.1569 - 0 . 0 1 
25.62^6 0.00 

































Table 1 1 . Comparison Between So lu t ions Wo. 1, 2 and 3 (cont inued) 
(R = 0 .8) 
R e s t r a i n t P a r a m e t e r s F r e q u e n c y P a r a m e t e r s 
P 2 P 3 \ 
S o l u t i o n 
No. 1 
S o l u t i o n Wo. 2 S o l u t i o n Wo. 3 
h U) E r r o r % <JU E r r o r % 
0 1 1 5 1 8 . 7 7 4 3 18.77*6 0 . 0 0 18 .7712 - 0 . 0 2 
0 0 5 1000 2 2 . 8 1 1 5 22 .8114 0 . 0 0 2 2 . 8 0 8 - 0 . 0 2 
0 0 1000 1000 2 6 . 2 9 2 6 26.2922 0 . 0 0 2 6 . 2 5 8 3 - 0 . 3 3 
0 5 5 5 2 0 . 6 1 a 20 .6408 0 . 0 0 20 .6176 - 0 . 1 1 
1 5 1 5 1 9 . 5 1 0 8 19.5108 0 . 0 0 1 9 . 5 0 5 1 - 0 . 0 3 
1 5 5 1000 2 3 . 5 8 5 7 23 .5857 0 . 0 0 2 3 . 5 8 1 1 - 0 . 0 2 
5 1000 5 1000 2 5 . 2 7 6 9 25 .2767 0 . 0 0 25 .2648 - 0 . 0 5 
5 5 1000 1000 2 7 . 3 8 4 8 27.3842 0 . 0 0 27 .3362 - 0 . 1 8 
5 1000 1000 1000 2 8 . 4 8 9 2 28 .4887 0 . 0 0 28 .4454 - 0 . 1 5 
10 I 5 10 2 1 . 9 6 8 7 21.9682 0 . 0 0 2 1 . 9 1 6 9 - 0 . 2 4 
1000 0 1000 0 2 2 . 4 2 1 8 22.4206 - 0 . 0 1 22 .2522 - 0 . 7 6 
1000 0 0 10 2 0 . 7 5 1 8 20.7512 0 . 0 0 20 .6992 - 0 . 2 5 
1000 10 10 5 2 3 . 8 6 7 8 23.8665 - 0 . 0 1 23 .7706 -o.ia 
1000 10.00 1000 1000 2 9 . 8 6 9 8 29 .8687 0 . 0 0 29 .7944 -0 .25 
- continued -
Table 1 1 . Comparison Between Solu t ions No. 1, 2 and 3 (continued) 
(R = 0.6) 
R e s t r a i n t Parameters Frequency Parameters 
3 3 3, 2 3 4 
So lu t ion 
No. 1 
Solu t ion No. 2 So lu t ion No. 3 
p l (D E r r o r % u> E r r o r % 
0 1 1 5 16.2639 16.2639 0.00 16.2591 -0 .03 
0 0 5 1000 20.7584 20.7584 0.00 20.7593 0.00 
0 0 1000 1000 24. 1*192 24.4192 0.00 24.3988 -0 .08 
0 5 5 5 18.0241 18.024 . 0.00 17.9973 -0 .15 
1 5 1 5 16.5534 16.5535 0.00 16.5476 -o.o4 
1 5 5 1000 21.0478 21.0478 0.00 21.0483 0.00 
5 1000 5 1000 21.7558 21.7557 0.00 21.7501 -0.03 
5 5 1000 1000 24.8161 24.8159 0.00 24.7882 -0.11 
5 1000 1000 1000 25.2923 25.2921 0.00 25.2644 -0.11 
10 1 5 10 19.1255 19.3252 0.00 19.0881 -0.20 
1000 0 1000 0 19.0398 19.039 0.00 18.8989 -0.74 
1000 0 0 10 17.2416 17.2412 0.00 17.2168 -o . i4 
1000 10 10 5 19.9163 19.9154 0.00 19.8408 -0.38 
1000 1000 1000 1000 25.8664 25.8658 0.00 25.8177 -0.19 
- continued -
Table 1 1 . Comparison Between Solu t ions No. 1, 2 and 3 (continued) 
(R = 0.4)  
R e s t r a i n t Parameters Frequency Parameters 
So lu t ion Solu t ion No. 2 So lu t ion No. 
1 ' 2 3 4 No. 1 m F r r o r % tt) E r ro r % 
0 1 1 5 14.5844 14.5844 0.00 14.5783 -o.o4 
0 0 5 1000 19.4003 19A002 0.00 19.4048 0.02 
0 0 1000 1000 23.1903 23.1905 0.00 23.1813 -o.o4 
0 5 5 5 16.3576 16.3575 0.00 16.3234 -0 .18 
1 5 1 5 14.6598 14.6598 0.00 14.6534 -o.o4 
1 5 5 1000 19.4723 19.4723 0.00 19.4769 0.02 
5 1000 5 1000 19.6852 19.6351 0.00 19.6362 0 .01 
5 5 1000 1000 23.2854 23.2855 0.00 23.2734 -o.:3 
5 1000 1000 1000 23.4387 23.^388 0.00 23.^256 -0.06 
10 5 10 17.3764 17.3763 0,00 17.3481 -0 .16 
1000 0 1000 0 16.8844 16.884 0.00 16.7639 - 0 . 7 1 
1000 0 0 10 14.991^ 14.9912 0.00 14.9841 -0 .05 
1000 10 10 5 17.6045 17.6041 0.00 17.5^53 -0 .34 
1000 1000 1000 1000 23.6085 23.6084 0.00 23.5853 -0 .10 
continued -
Table 11. Comparison Between Solutions No. 1, 2 and 3 (continued) 
(R = 0.2) 





So lu t ion No. 2 So lu t i on No. 3 
e l x E r r o r $ u> Er ro r $ 





















1000 1000 1000 
10 1 c 10 
1000 0 1000 0 
1000 0 0 10 
1000 10 10 VJ
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13.6321 -0 .05 
18.61+53 0.04 
22.502I+ - 0 . 0 1 
15.431+9 -0.20 
13.6412 -0 .05 
18.6537 o.o4 
18.6879 0.03 
22.512 - 0 . 0 1 
22.5399 - 0 . 0 1 
16.453 -o.i4 
15.6305 -0.69 
13.797 0 .01 
16.4617 -0.30 
22.5646 -c .02 
52 
only. Moreover, its accuracy is extremely high as seen in Table 11. 
Although that expression is relatively long it is "by far the 
simplest formula available for the frequency of such a plate problem. 
Computing the plate frequencies from this formula is not, by any 
means, more laborious than many calculations that are frequently 
performed by the practical engineer. 
A Rational Function Approach to the Problem 
In the foregoing analysis approximate solutions for the 
frequencies of vibration were obtained for the general case of unequal 
edge restraints. These solutions are highly accurate and yet do not 
require a great amount of •work for the numerical evaluation of the 
frequency parameters. Once a series of such results exists, the solu-
tion can be expressed in a simple algebraic formula by the use of a 
rational function technique. The resulting expressions are not only 
useful for practical applications but they prove valuable for further 
analytical investigations. 
As before we shall start with the simpler cases and then build 
up to the more general, 
Plates with Equal Restraints on all Edges 
The vibrations of a square plate subjected to equal elastic 
rotational restraint on all edges is considered first. Defining 0 as 
the restraint parameter and wOQOQ as the frequency parameter, then 
in view of our previous experience, we write 
53 
a ^oooo + g *« - - » , , 
«>nQQQ = — (2-7) 
a + p 
This formula clearly satisfies the extreme conditions and the 
value of B which gives the best general fit is determined "by numerical 
analysis. When 8 = 1, ou = 21. 55 and when these conditions are 
met the value of TaT is determined to "be 8.25 and thus Equation (2-7) 
becomes 
8 . 2 5 ID + B a> 
^ ' 0 0 0 0 P %o co co co 
WW 8 . 2 5 + B 
in which the error in the frequency does not exceed 0.5% over the 
whole range of 8(0 to °°) . 
We recognize that the solution for the rectangular plate must 
degenerate to the solution for the square plate. Thus we assume that 
the solution for the general case of the aspect ratio other than unity 
can be written as 
^ftflR(R) = (2-9) 
0 W a(R) + B 
where 
a(R) is a coefficient, function of R which has the 
value 8.25 when R = 1 
a) (R) and «>„«,„ ̂ (R) are the values of the extreme 
frequency parameters at the appropriate R. 
^ 
Table 12 summarizes a l l t he appropr i a t e da t a obtained from and used in 
the eva lua t ion of Equat ion ( 2 - 9 ) . I t i s c l e a r l y seen t h a t the r e s u l t 
i s we l l w i th in normal acceptab le t o l e r a n c e s under a l l c o n d i t i o n s . 
Equation (2-9) in t he form now e s t a b l i s h e d opens the way t o 
f u r t h e r g e n e r a l i s a t i o n . Each of the funct ions a (R) , uu (R) and 
Woo co oo co(R) c a n uricLoubtly be expressed as e x p l i c i t funct ions of R. The 
p e r t i n e n t formulae are 
a(R) = 7.35 + 0 .9 s i n TT (R - | ) (2-10) 
- 0 0 0 0 (R) = ^ ( i + i O (2- iD 
0) 
00 CO 00 CO 
(R) = 22.U + 1 3 . 6 R 2 - 6 4 5 (2-12) 
Equat ion (2-10) i s in good agreement wi th the va lues of a(R) given in 
Table 12. The e r r o r s in Equat ions (2-11) and (2-12) are given in 
Table 13 where i t i s c l e a r t h a t both formulae are v i r t u a l l y exac t . 
By s u b s t i t u t i n g Equations (2 -10) , ( 2 - l l ) and (2-12) i n t o (2-9) 
we ob ta in a gene ra l approximate express ion for the frequency of the 
r e c t a n g u l a r p l a t e with edges subjec ted t o equa l e l a s t i c r o t a t i o n a l 
r e s t r a i n t s , v i z , 
, „ ( R ) -_ a(R) *
2 ( 1 * K2) + H22.k + 1 3 . 6 R
g - 6 ^ ) 
m S a(R) + 9 
Table 12. Data Related t o Equation (2-9) 
u>(?.) 
0 C 0 0 
GD(R) 
CO CO CO CO 
a(R) -# Maximum Er ro r % i n W as 
Obtained by Equation (2.9) 
1.0 19- 7k 35.99 8.25 0.1*3 a t B = 10 
0.8 16.19 29.9 3.11+ 0.1+2 a t g = 10 
0.6 13.42 )5- 7.64 '.39 at g = 5 
0.4 11.1+5 23.65 7.04 0.75 a t 3 = 10 
0 .2 10.26 £ . c 4 6.59 1.00 a t B = 10 
i r ro r obta ined by comparison t o So lu t ion Ifo. 1. 
5 
Table 13- Errors in Equations (2- l l ) and (2-12) 
R 
ERROR % 
w ( R ) = ̂ 2(1 + H2) U) O0 00 „ oo(R) = 22.4 + 1 3 . 6 R 2 - 6 ^ 
1.0 0 . 0 0 0.00 
0 . 8 0 . 0 0 0.20 
0 . 6 0 . 0 0 0.08 
0 . 4 0 . 0 0 -0 .19 
0 . 2 0 . 0 0 - 0 . 2 1 
0 . 0 0 . 0 0 0 . 0 
57 
where a(R) is given by Equation (2-10). The accuracy of the formula 
(2-13) is given in Table 14 and it is seen that for the practical range 
of R(0.2 ̂  R ̂  l) the error is nowhere greater than 1% and in most cases 
a good deal less. 
Table 14. Percentage Error in Equation (2-13) 
R 
3 
1 0 . 8 0 . 6 0 . 4 0 . 2 0 
0 0 . 0 0 0 . 0 0 0 . 0 0 0 . 0 0 0 . 0 0 0 . 0 0 
.5 - 0 . 0 4 - 0 . 0 2 - 0 . 0 3 - 0 . 1 1 - 0 . 1 5 - 0 . 1 
1 - 0 . 0 3 0 . 0 1 0 . 0 0 - 0 . 1 0 0 . 1 1 0 .00 
C'. 0 . 0 3 0 . 1 1 0 . 1 3 0 . 0 5 0 . 1 2 0 . 3 2 
5 0 . 2 3 0 . 3 7 0.1+6 0 . 4 2 0.6k 1.00 
10 0 . 3 5 0 . 5 2 0 . 6 2 0 . 5 8 0 . 8 4 1.26 
100 - 0 . 0 6 0 . 0 8 0 . 1 - 0 . 1 0 . 0 4 0 . 4 6 
1000 - 0 . 2 7 -0 .1U - 0 . 1 5 - 0 . 3 8 - 0 . 2 6 0 . 1 6 
Plates with Equal Restraints on Opposite Edges 
Analogous to the arithmetic and geometrical mean relations 
which were successfully used for the beam with unequal end restraints, 
it seems likely that some form of averaging might be pertinent to the 
plate problem. 
58 
For the square plate a geometric mean relation such as 
uo = /u) uo 
1122 V 1111 2222 
can "be demonstrated to yield errors as high as 9°/>« On "the other hand 
if we chose an arithemetic mean law viz 
U) +0) 
^1122 = H 1 1 2222 
we obtain resu l t s of k°/o e r ror . However, simple manipulation shows that 
for the square p la te the frequency is accurately obtained "by using a 
root mean square law which can "be wri t ten as 
/ 2 , 2 
/ U) + CD 
/ 1111 2222 /_ , M 
CU1122 = V o ( 2"^ } 
By using Equation (2-13) to evaluate u) -. -. ~ and oo , the error in 
the above formula was calculated for all the range of $ and Pn 
and given in Table 15. It is seen that the maximum error is less than 
0.5%. 
I t is obvious that for a square p la te ID . = ou . Therefore 
we conclude that 
4x22 + <4l l = W l l l l + m2222 (2"15) 







.5 1 2 5 10 100 1000 
0 0.00 
.5 
- 0 . 0 2 - 0 . 0 2 0 . 0 2 0 . 1 5 0 . 2 7 0 . 2 1 0 . 1 3 
-o.ou -O.Oif 0 . 0 0 0 . 1 3 0.2*+ 0 . 1 9 0 . 1 7 
- 0 . 0 3 0 . 0 0 0 . 1 3 0.2*1 0 . 1 8 0 . 1 1 
0 . 0 3 0.1*1 0 . 2 5 0 . 1 8 0 . 1 1 
0 . 2 9 0 . 3 0 
0 . 3 5 
0 . 2 
0 . 2 
-o.o6 
0 . 1 3 
0 . 1 2 
- 0 . 1 6 




By r e f e r r i n g t o the numerical va lues of t he f requencies which can he 
obta ined by use of t he s o l u t i o n s developed in the previous s e c t i o n s , 
one can v e r i f y t h a t the same r e l a t i o n (2-15) equa l ly app l i e s t o the 
r e c t a n g u l a r p l a t e . There fore , for a p l a t e wi th any aspec t r a t i o R 
one may wr i t e the r e l a t i o n 
uo 
1122 V 2 
2 a . 2 
1111 2222 + 6 ( 2 . l 6 ) 
and i t s conjugate 
/ 2 . 2 
/ " i l l ! + "22222 , 
U,2211 = V 2 6 
where 6 i s obviously equa l t o zero when R = 1, and thus in g e n e r a l , 
i t ought t o be a funct ion of R. For Equation (2- l6) t o be d imensional ly 
co r rec t 6 must have the dimensions of frequency squared. Since t h e r e 
2 
i s no known unique way t o express 0 as a func t ion of both R and u) , 
one may choose the fol lowing form 
5 = f(w-) • cp(R) 
For any aspect r a t i o , the magnitude of <x> f a l l s between ou.. n -, .. 
and ou . Thus, r e f e r r i n g t o Equat ion (2- l6 ) one may w r i t e 6 
in the form 
6l 
"2222 ~ 4uLl cp(R) (2-17'. 
and adjust <p(R) accordingly. 
Obviously for R = 1, cp(R) equals zero, and for R = 0 
o p 
u) = ^ 0 0 0 0 thus cp(R) = 1. However to completely define cp(R) over 
the whole range of 0 ^ E ^ 1 we need to resort to specific values 
of p and 0 . Considering [ 3 = 0 and 0 = 1000, cp(R) can "be 
evaluated at R = .8, .6, .^ and .2 as given in Table 16. 
Table 16. Numerical Values of cp(R) 
R l .8 .6 .k . 2 0 
<p(R) 0 .372 .702 .909 .995 1.0 
Those numerical values can be represented by the following 
simple relation. 
cp(R) = 1 - R2*5 (2-18) 
and therefore substituting Equations (2-17) and (2-18) into (2-16) we 
get 
62 
(H ) = y^
( R ) ; m ^ ( R ) + ( i ^ k ^ ) ( 1 . R2.5) (2.19) 
x̂ lthough the function cp(R) as given by Equation (2-1.8) was fitted to 
specific values of the edge restraint parameters |3 and |3 , it is 
numerically verified to be a good approximation for all other values of 
the equal and opposite restraints. This is shown in Table 17 where the 
frequencies obtained by Equation (2-19) are compared to the more accurate 
values. It is clear that the error over all the ranges of R, 3 and P 
is less than 2Pj0. 
Plates with Unequal Restraints on All Edges 
In order to deal with the general case of unequal restraints on 
all edges it is feasible first to consider the situation when the 
restraints are equal on two opposite edges and unequal on the other two. 
In such a situation one would expect the plate to follow the law 
pertinent to the beam with unsymmetric end conditions. Thus 
"1233 
m l l33 + Vm2g33 
and 
V " W 
"lllM + ^ 2 2 ^ 
and consequently 
Table 17. Percentage Error in Equation (2-19) 
R h 
h 










0.00 0.01 0.06 0.2 O.58 0.9^ 1.3^ 1.35 
-0.03 -0.02 0.03 0.17 0.55 0.90 1.31 1.32 
-0.05 -0.04 0.01 0.15 0.53 0.86 1.29 1.29 
-0.09 -0.07 -0.0? 0.11 0.48 O.83 1.24 1.24 
-0.19 -0.17 -0.12 0.01 0.37 0.70 1.10 1.11 
-0.37 -0.34 -0.29 -0.16 0.19 0.52 0.91 0.91 
-1.3 -1.22 -1.15 -1.00 -O.63 -0.3 0.08 0.08 










0.00 -0.15 -0.21 -0.19 0.04 0.27 0.31 0.24 
0.13 -0.03 -0.09 -0.09 0.12 0.33 0.35 0.28 
0.25 0.08 0.00 0.00 0.19 0.38 0.39 0.31 
0.43 0.24 0.16 0.13 0.29 0.47 0.44 0.36 
0.71 0.51 o .4 i 0.36 0.46 0.59 0.51 0.43 
0.80 0.6 0.5 0.43 0.51 0.62 0.51 0.42 
0.12 -0.01 -0.06 -0.07 -0.06 0.2 0.10 0.00 
-0.16 -0.26 -0.3 -0.29 -0.12 0.03 -0.03 -0.15 
Table 17. 
0 .5 
0.0 0,00 -0.27 
0.5 0.18 -0.11 
1.0 0.33 0.03 
2.0 0.59 0.26 
5.0 1.06 0.68 
10.0 1.38 O.96 
100.0 1.35 O.96 
1000.0 1.21 0.84 
0.0 0.00 -0.20 
0.5 0.06 -0.15 
1.0 0.12 -0.10 
2.0 0.21 -0.02 
5.0 0.38 0.13 
10.0 0.5 0.23 
100.0 0.54 0.26 
1000.0 0.50 0.23 
Percentage Er ror in Equation 
1 2 5 
0.36 -0.35 -o.ll 
0.22 -0.23 -0.02 
0.10 -0.13 0.05 
0.11 0e05 0.18 
0.49 0.37 0.42 
0.75 0.59 O.58 
0.75 0.6 0.57 
0.65 0.50 O.50 
0.19 -0.01 0.48 
0.15 0.03 0.50 
0.11 0.06 0.53 
o.o4 0.12 0.57 
0.09 0.23 0.64 
0.18 0.30 0.69 
0.21 0.32 0.70 
0.18 0.29 0.68 
2-19) - continued 
10 100 1000 
0.04 -0.34 -0.56 
0.11 -0.33 -0.51 
0.17 -0.29 -0.48 
0.27 -0.22 -o.4i 
0.46 -0.1 -0.3 
0.58 -0.03 -0.24 
0.55 -0.1 -0 .32 
0.49 -0.16 -0 .38 
0.67 -C.05 -0.32 
0.69 -0.04 -0.31 
0.71 -0.03 -0.30 
0.74 -0.01 -0.28 
0.80 0.03 -0.25 
0.84 0.05 -0.23 
0.84 o.o4 -0.24 
O.82 0.02 -0.26 
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y — = hm
 + hm + hm + h m (2.20) 
The error in the frequency obtained by this formula is shown 
in Table 18 for wide ranges of the restraint parameters and at several 
values of the plate aspect ratio. It is concluded that the maximum 
error is approximately 3.5$ and occurs when the plate is square and 
the edge restraint parameters are (0, °°, 0, °°). 
Discussion 
The solution designated as No. 1 was developed to fill in a 
gap which existed in literature with regard to the frequency of vibra-
tion of the rectangular plate whose edges are unequally restrained. 
The solution was then used as a basis for comparing the much simpler 
approximate formulae which were developed throughout the chapter. 
The question of the accuracy of that solution cannot be handled without 
having to resort to rigorous analysis and elaborate computations. There 
are means of assessing the accuracy of the frequency as obtained by 
solution No. 1 [2^,25]. However, such analysis is obviously beyond the 
scope of the present work. 
We have compared solution No. 1 to other solutions which were 
obtained by more elaborate and lengthy calculations. The comparison 
was held at specific values of the restraint parameters and geometric 
ratio which are published in literature. It was shown that by using 
a one term generating function, estimates of the frequency can be 
obtained which differ only by less than 1$ from those obtained by 
Table 18. E r r o r in Formula (2-20) 
R e s t r a i n t Parameters 
R e s t r a i n t 
S S r i a l \ \ P- % 
Number J 
1 0 1 0 1 
2 0 1 1 5 
3 0 1 5 10 
4 0 0 5 1000 
5 0 0 1000 1000 
6 0 5 5 5 
7 0 10 0 10 
S 1 5 1 5 
9 1 5 5 1000 
10 1 5 10 1000 
11 5 1000 5 1000 
12 5 5 1000 1000 
13 5 1000 1000 1000 
i4 10 0 5 1000 
15 1000 0 0 10 
16 1000 10 5 1 
17 1000 10 10 5 
18 1000 0 1000 0 
19 1000 1000 1000 1000 
* Solution No. 1 
R = 1 
1234 
_ _ 
Exact Approx. Error % 
20.6234 20.6228 .00 
22.1815 22.2162 .16 
24.1127 24.1742 .26 
25.6479 25.8957 .97 
28.9118 28.9489 .13 
24.3329 2.4.423 .37 
24.0419 24.2932 1.05 
23.6385 23.7113 .31 
27.2564 27.5464 1.06 
28.1149 28.3215 .73 
30.4926 30.9695 1.56 
31.2327 31.2728 .13 
33.3264 33.5305 .61 
27.4449 27.8245 1.38 
25.6254 26.2158 2.3 
28.1149 28.3215 .73 
29.6738 29.8846 .71 
27.1584 28.0704 3.36 
35.9655 35.867 - . 27 
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Table 18. (continued) 
R = .8 R = .6 
Restraint 
Serial V34 ^1234 
Number 
• * 
Exact Approx. Error j 
• * 
Exact Approx. Error jD 
1 16.9^36 16.9454 .01 14.147 14.1444 -.02 
2 18.7743 I8.85 .40 16.2639 16.2732 .06 
3 20.9811 21.1476 .79 18.7335 18.7854 .28 
4 22.8115 23.247 1.91 20.7584 20.9868 1.1 
5 26.2926 26.6459 1.34 24.4192 24.4776 .24 
6 20.6^1 20.756 .56 18.0241 18.0667 .24 
7 19.8318 20.0293 1.00 16.7916 16.9175 .75 
8 19.5108 19.5822 .37 16.5534 16.6086 -33 
9 23.5857 24.016 1.82 21.0478 21.3244 1.31 
10 24.5573 24.9379 1.55 22.1176 22.3286 .96 
li 25.2769 25.6733 1.57 21.7558 22.0561 1.38 
12 27.3848 27.688 1.11 24.8161 24.9217 .43 
13 28.4892 28.7476 .91 25.2923 25.3724 .32 
14 23.7132 24.1618 1.89 21.1222 21.3911 1.27 
15 20.7518 21.0495 1.43 17.2416 17.4038 .94 
16 21.9^31 21.9186 -.11 17.6062 17.6879 .46 
17 23.8678 23.9189 .21 19.9163 20.016 .50 
18 22.4218 23.114 3.09 19.0398 19.4962 2.4 
19 29.8698 29.827 -.14 25.8664 25.8271 -.15 
Table 18. (continued) 
R e s t r a i n t 






















Approx. Er ro r % 
12.1935 - 1 . 3 
11+.5579 - .18 
17.2835 .09 
19.5159 .60 







23.211+9 - .3 
23.367 - .31 
19.659^ .79 




23.5196 •- .38 
R = .2 
-X-
Exact Approx. Erro % 
11.082 11.0591 - . 2 1 
13.6392 13.61+32 .03 
16.1+613 16.567 .61+ 
I8.6383 18.8221 .99 
22.50U 22.1+317 - . 32 
15.1+655 15.5^86 .5k 
13.7599 13.7366 - . 17 
13.61+83 13.6663 .13 
18.61+67 18.81+36 1.06 
19.8293 19.9778 .75 
18.6819 18.8891 1.11 
22.51I+3 22.1+59 - . 2 5 
22.5^26 22.1+853 - .25 
18.6552 18.81+79 1.03 
13.7955 13.7715 - . 1 7 
13.698 13.7393 .30 
16.5109 I6.6kk6 . 81 
15.739 15.8313 .59 
22.57 22.5116 - . 26 
&9 
using generating functions consisting of 36 term series. 
It is known that in such a solution the errors in the frequency 
estimate depend to the second order on the deviation of the assumed 
mode function from the exact form. Therefore, one expects that the 
maximum errors in solution No. 1 would take place when the assumed mode 
shape is at its maximum disagreement with the actual shape. This 
happens when the plate vibrates in a mode in which the nodal lines are 
no longer straight lines parallel to the edges. This kind of a mode 
was met "before in conjunction with the fourth and -°ifth modes of a 
square plate as shown in Table 9- 1'he error was seen to be within 0.5% 
A second case was investigated, namely the case of the plate 
with two adjacent sides simply supported and the other two clamped. 
The mode shape was taken as a combination of the two principal terms, 
namely 
W = a^ W2(x) W1(y) + ^ W^x) W^(y) 
= al *1 + a2*2 
where 
W (x), W (x), W (y) and W (y) are the 1st and 2nd mode 
shapes of a beam along the x and y directions respectively. 
a., and a are parameters to be adjusted 
^ = W2(x) W1(y) 
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A typical Rayleigh-Ritz solution was carried out. The determinant of 
the coefficients of a. and a was expanded and the frequency 
parameters were obtained at several geometric ratios. The correspond-
ing ratios of a and a were also determined as shown in Figure 3« 
In Figure k the frequency results are plotted and compared to the 
results obtained by use of generating functions consisting of one term 
only, namely 
W = W2(x) W1(y) 
and 
W = W^x) W2(y) 
Obviously the maximum error occurs when the p la te is square in 
which case we have e i ther a / a = - 1 and ou = 61.2519 or a / a = 1 
and a) = 60.759^-« The frequency obtained by the one-term solution was 
61.0062 which is within ± O.k'fo from the above values respect ively. 
Conclusion 
In t h i s chapter simple approximate formulae are developed for 
the frequencies of vibrat ion of rectangular p la tes with unequal e l a s t i c 
ro ta t iona l r e s t r a in t s at the edges. The accuracies of the formulae 
are extremely sui table for engineering appl icat ions. 
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CHAPTER III 
THE USE OF THE DYNAMIC RESPONSES FOR THE DETERMINATION 
OF THE CRITICAL AXIAL LOADS OF STRUCTURES 
Introduction 
In the preceding chapters the vibrational characteristics of 
elastically restrained structures were formulated in a simple approxi-
mate manner. The work of Singhal [35] shows that for the case of 
axially loaded beams similar simple formulations are obtained for the 
buckling loads. A situation which strongly suggests a direct correla-
tion between the vibrational and instability parameters. 
In this chapter the relationship between the dynamic character-
istics and the instability behavior of axially loaded structures will be 
studied. The investigation aims at developing a nondestructive testing 
method for the determination of the actual buckling loads. The problem 
of nondestructive testing is of upmost Interest to both experimental 
as well as analytical engineers especially those dealing with shell 
structures. The issue is not new and a variety of techniques and 
concepts have been developed in dealing therewith. 
Such techniques included methods of analyzing the prebuckle 
deformations, processes for restricting the lateral displacements so as 
to avoid sudden catastrophic collapses and techniques for associating 
the instability load with the vibrational characteristics. In more 
recent times there has been some attention paid to the variation of 
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the lateral stiffness with the axial load. 
The analysis of prebuckle deformations is, generally speaking, 
made using the so called "Southwell Plot," or some extension thereto 
[26]. This subject has "been extensively reviewed and discussed in the 
literature. The application to problems of columns and plates is 
treated in depth in reference [27]? while the applicability to shell 
structures is considered in detail in reference [28]. The method was 
applied to shells under combined loading [29] and to stiffened shells 
in axial compression [30]. It is abundantly clear from thezc. works 
that there is considerable difficulty in the application of the method 
when the structure is highly sensitive under the considered loading 
conditions. This is, of course, especially true for cylindrical shells 
under axial compression. As indicated by Flugge [31! ., the prime 
difficulties experienced are the determination of the relevant observa-
tion point and the high magnitude of the applied axial force needed to 
generate meaningful data. This was also apparent in Ford's work [30]. 
The idea of using a physical restraint, a mandrel, to limit 
the lateral deflections associated with buckling was developed in 
references [32] and [33] and was used in testing small scale shell 
specimens. Such a method however became increasingly difficult to 
apply as the scale increased. 
A recent concept in the non-destructive testing of structural 
elements is based on associating the buckling loads with the variation 
in the lateral stiffness. For a column, the idea that normal stiffness 
tends to zero as the load tends to the critical was known before, e.g., 
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reference [3^]• Physical intuition suggests that, for other structures 
of more complex nature the lateral static stiffness variation with 
destabilizing loads should be related to the critical conditions in a 
rational manner. Bank [5] has demonstrated experimentally that this 
is so and Singhal [35l has studied the issue in more detail. The 
results of their researches on cylindrical shells show that one can 
determine the buckling region and predict the critical load with 
good accuracy from the changes in wall stiffness. 
The concept of relating vibrational characteristics with 
instability load levels extends back at least to the early years of 
this century when Sommerfeld [36] tested a clamped-free column, 
vertically mounted, with a variable mass attached to the free end. He 
observed that the natural frequency of the system decreased as the mass 
increased; ultimately approaching zero as the tip mass reached the level 
necessary to produce column instability. The buckling-vibration 
question was extensively investigated by Massonnett [37]• He analysed 
the behavior of uniform beams, plates and cylindrical as well as 
spherical shells and showed that in all cases the critical axial load 
and the square of the natural frequency were very nearly linearly 
related and that, the linear relationship becomes exact if the mode 
of free vibration is identical to the buckling mode. His work is amply 
supported by that of Lurie [38] who demonstrated that for a column with 
both ends simply supported, where buckling and vibration modes take the 
same shape, the linear law is exact. However, for other end fixities 
(between simply supported and clamped) he showed that the deviation 
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from linearity is small and can "be ignored compared to ordinary 
experimental errors. 
Lurie also verified experimentally the nearly straight line 
relation for a column whose ends were elastically restrained against 
rotation and was able to determine its buckling load from the vibra-
tional data. His test specimen was a vertically mounted rectangular 
frame to which the axial load was applied on the two vertical sides 
and the horizontal members acted as elastic rotational restraints. 
He also tested stiffened and unstiffened panels and concluded from his 
work that the vibration method does not have practical application to 
flat plates. He considered that the technique failed because of non-
linearities caused by large initial geometric imperfections. Massonet 
[39] derived the theoretical relationship between the square of the 
frequency and the edge thrust for a circular plate with initial curvature. 
He showed that the greater this curvature the greater the deviation 
from linearity. A result which gave substance to Lurie's conclusion 
with regard to plate structures. 
The conclusions of the researches referenced were regarded as 
so substantial that no further efforts were made to use vibrational 
characteristics as criteria for the determination of instability. The 
failure to extend from the column to the plate stultified any research 
on shell bodies. But the concept of static stiffness variation cannot 
be differentiated from the concept of dynamic stiffness variation and 
it would therefore appear that by concentrating upon such a parameter 
a solution could be found. 
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Development of a Vibrational Method 
As indicated in the prior section there are sound reasons to 
investigate the "buckling-vibration relationship "by considering dynamic 
properties other than the natural frequencies of vibration. For shell 
bodies which are most frequently liable to local rather than overall 
instability failure the dynamic stiffness, which clearly varies from 
point to point, is a more attractive correlation parameter than the 
natural frequency which has a more gross character. 
The method investigated is thus directly related to the varia-
tion in the lateral dynamic stiffness with axial loading. Briefly the 
procedure is to pointwise excite the structure with a lateral shaking 
force at several levels of the axial loading. The dynamic response at 
the particular excitation points is measured for each load level and 
a plot is produced for the "Dynamic mass" vs. the applied axial load. 
The relationship is found to be linear and hence its intersection point 
with the axial load-axis determines the critical value. 
The choice of the dynamic mass as a response parameter is due 
to the fact that it is directly proportional to the "dynamic stiffness" 
for a sinusoidal excitation at a fixed frequency. Besides it is 
defined to be the ratio of the shaking force to the resulting accelera-
tion and both quantities are sensed directly by use of a single unit. 
To demonstrate the method three basic structural elements were 
tested: a column, a flat panel and a cylindrical shell. The testing 
equipment, procedures and results are explained in detail in the remain-
ing of this chapter. 
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Equipment and Instrumentation 
Loading Arrangements 
The tests were conducted in a 120,000 pound capacity Baldwin 
screwjack universal test machine. The shaking force was provided by 
MB Vibramate Exciter model PM25. This was driven by a PAR oscillator 
model 110 of sinusoidal output through a MB power amplifier model 2125-
To ensure good positional control the shaker was mounted on a micrometer 
plate which in turn was seated on a vertically adjustable platform. 
Figure 5 is a general picture of the test site and Figure 6 shows a 
typical set up. 
Measuring Circuit 
The shaking force and the resulting acceleration of the test 
subject were measured at the excitation point. A B&K Impedance Head 
type 8001 was used as a force and acceleration transducer. A sketch 
of the head is shown in Figure 7. The output signals were conditioned 
by using MB Line Drivers and MB N̂ -00 signal amplifying units. The 
units provided an output voltage of 1 V RMS per full scale input. By 
proper calibration they permitted analog readout of either the peak 
or RMS values of the transducer signals directly in terms of force or 
acceleration units. The conditioned outputs were fed into a SD 10IB 
Dynamic Analyser/Tracking Filter of 1.5 Hz bandwidth which was tuned 
to the excitation frequency. A two way switch was used to pass one 
signal at a time into the unit. The Dynamic Analyser provided a DC 
output proportional to the filtered signal. This output was then 
available for recording and/or direct reading. The excitation and 
measuring circuits are shown in Figure 8. 
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Figure 5« General View of the Test Site 
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Figure "J- Schematic Drawing of the Impedance Head. 
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In some cases (in conjunction with the panel, and shell testing) , 
it was necessary to maintain the shaking force at a constant level. 
This was done by means of a SDIO^B Amplitude Servo Monitor. The 
appropriate circuitry is shown by the dashed lines in Figure 8. The 
SD105B monitored the force signal and provided the necessary adjusted 
excitation voltage to keep the shaking force at the desired level. 
Data Acquisition and Processing 
Recording and processing of the data was extremely simple. 
The tracking filter enabled direct readout of the filtered signal 
on its meter. The magnitude of the dynamic mass was obtained directly 
from the filtered force and acceleration signals. 
In order to speed the testing process and to minimize errors 
the data acquisition and processing were partially automated. This was 
achieved by using a crossbar scanner and a HP 2^02A integrating digital 
voltmeter interfaced with HP 2115A computer. The computer was programmed 
to control the operation of the crossbar scanner and the voltmeter and 
to process the measured signals. The execution of the program was 
partially controlled by the computer switch registers which were 
operated via a remote switch located at the test site. This permitted 
the operator to initiate the data acquisition whenever desired. The 
system is shown in Figure 9« 
Column Testing 
The test specimen used was fabricated from 202U aluminum alloy 
rod 20-3/4" long of l/2n x 1/2" square cross section with sloped edges 
milled on both ends. 
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wMmmmm^mmmm 
Figure 9- The Data Acquisition System, 
Figure 10. Setup for Column Testing. 
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The column was mounted in the test machine with its edges sup-
ported in hardened s'ceel V-blocks to prevent end lateral displacement, 
Figure 10. Each block was mounted on a leaf spring which was "built up 
of several steel strips. The use of such a spring was a precaution 
against possible fluctuation in the axial load during the vibration test. 
The first step in the testing process was to determine the 
excitation levels of the frequency and force parameters. The natural 
frequency of vibration was roughly determined to be 110 Hz. Therefore, 
an operational range was chosen between 30 - 100 Hz. The force was 
determined such that the resulting deflection remains within small limits 
Readings of the shaking force and the resulting acceleration 
at the excitation point were then recorded for a broad spectrum of 
axial loads and shaking frequencies. 
Results 
Table 19 gives typical results obtained for the described 
column with the shaking force applied at the center. Plots of the 
dynamic mass M^ vs. the axial load P for several excitation 
frequencies are presented in Figure 11. For all frequencies the 
relationships are seen to be linear. As the axial load increases, the 
dynamic mass decreases until it reaches a minimum (nearly zero). This 
occurs when the loading level is such that the excitation frequency 
is the critical frequency. Therefore, from Figure 11 one can determine 
the natural frequencies of vibration of the column at several axial 
loading levels and thus one can construct the relationship between the 
axial load and the square of the natural frequency of vibration as 
Table 19. Column Test Resul ts 
Hz 100 200 
F( lb ) .056 .070 
70 A(g) .308 .31 
MpClb/g) .181 .225 
F(Ib) .033 .025 
80 A(g) .3^9 -34 
MpClb/g) .095 .074 
F( lb) .012 .006 
90 A(g) .333 .32 
MpClb/g) .037 .019 
P 
300 4oo 500 600 
.ok .071 .022 .014 
.311 .309 .305 .297 
.129 .231 .073 °o46 
.018 .01 .003 .005 
.33 .319 .308 .295 
.054 .031 .01 .015 
.002 .005 . 0 1 .015 
.307 .294 .282 .27 
.005 .018 .036 .056 
700 800 900 1000 1100 
.004 .005 .013 .018 .015 
.289 .28 .27 .261 ,266 
.014 .017 .047 .071 .055 
.011 .017 .023 .027 .024 
.282 .269 .257 .248 .253 
.039 0063 .088 .107 .094 
.02 .024 .028 .03 .028 
.258 .248 .237 .23 .234 
.076 .096 .117 .131 .121 
- continued -
Table 19. (continued) 
f P 
Hz 100 200 300 U00 500 600 700 800 900 1000 1100 
F( lb) .003 .007 . 0 1 .OlU .017 .021 .02^ ,027 ,03 .032 .031 
ioo A(g) .298 .285 .27^ .263 .253 *2hk .235 .226 .217 .211 .215 
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shown in Figure 12. It is clear that the relationship is linear, a 
result which agrees with the conclusions of Massonett [37] and Lurie 
2 
L38J. This line cuts the f -axis at 10^50 which indicates that the 
critical frequency is 102 Hz approximately. On the other hand the 
intersection of the line with the P-axis determines the buckling load 
as 1390 pounds. 
The "buckling load was also determined experimentally by the 
Southwell method. Using two strain gages mounted opposite to each other 
on the tensile and compression sides respectively the "bending strains 
were determined at several levels of the axial loading. These are 
given in Table 20 and the Southwell Plot is shown in Figure 13. The 
critical load determined by this method was 1320 pounds. Wo attempt 
was made to calculate the theoretical critical load because the end 
conditions of the column were not exactly defined. 
Table 20. Column Testing - Bending Strains 
P e e/p 
(lb) Mi cro in/ in. 
10 0 0 
100 21 .21 
200 J+5 .225 
300 7^ .2^7 
U00 110 .275 
500 I5U .308 
600 212 .353 
700 293 .Ul8 
800 U03 .50̂ + 
900 580 .6hh 
1000 886 .886 
2 
10 
f2 x 10"3 ( hz2 ) 




= 382/.29 = 1320 lb 
3 U 
-2 
e x 10 ( micro in/ in ) 
Figure 13. Column - Southwell Plot. vo 
o 
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It should be emphasized that the purpose of testing the column 
was not to verify the results of references [37] and. [38] hut it was 
meant to investigate the relationship between dynamic responses, other 
than the natural frequency of vibration, and the axial load. 
The linear variation of the dynamic mass with the increase in 
the axial load is of significance particularly if a similar variation 
could be obtained for the more complex structures. This would enable 
experimentally, to generate data leading to the determination of the 
critical loading conditions by only applying low levels of the axial 
force. That kind of reasoning is investigated in the remaining of 
this chapter. 
Shell and Panel Testing 
Testing Technique 
In essence the philosophy underlying the testing of the shell 
and panel specimens is similar to that for the column. Basically 
we are seeking the relationship that describes the variation of the 
dynamic mass with the increase in the axial load. The aim is to utilize 
such a correlation in the determination of the critical buckling load. 
However, the testing technique for the shell and panel differs from that 
for the column in several respects. In the following we shall discuss 
these differences and present the method that will be used. 
Location of the Observation Point. For shell and panel 
structures the dynamic mass will obviously go to "zero" when the axial 
load reaches the critical, only at the location where buckling is going 
to occur. In the case of the column it was clear that buckling would 
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take place in such a way that there would be only one half wave with 
the maximum deflection nearly at the column midpoint. However, for 
shell structures the situation is different; the location of the buck-
ling is not known and therefore it is not readily obvious where to apply 
the shaking force. 
Thus, the first task is to determine the region in which buck-
ling would occur. For this purpose a complete scan of the shell surface 
has to be carried out in order to map the initial distribution of the 
dynamic mass and to determine the location of the minimum. 
Method of Shaker - Structure Attachment. The method of 
attaching the impedance head to the structure is of practical importance. 
The nut and screw attachment as used in the case of the column becomes 
impractical in dealing with shell structures especially if a complete 
scan of the surface is to be done. Therefore it was necessary to 
search for a different technique which allows the impedance head-shaker 
combination to be attached to and detached from the structure in a 
relatively easy and efficient way. It was finally decided that the 
simpliest way is to apply an inward static deflection to the skin of 
the shell by the impedance head such that the elastic forces of the skin 
maintain continuous contact during the shaking movement. The continuity 
of such a "joint" can be monitored by observing an analog display of 
either of the force or the acceleration signals or both. Any noticed 
deviation from being smooth continuous curves would indicate a dis-
continuity in the follow-up of the structure to the shaker movement. 
Testing Procedure. The procedure adopted for shell testing 
was developed from the test conducted on the column. It can be 
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summarized as follows: 
1. One determines the area in which buckling is likely to 
occur first. This is done by carrying out a complete scan of the 
dynamic mass distribution around the surface of the shell and determin-
ing the area of the least. The level of the excitation force must be 
kept constant throughout the scan and this is achieved by introducing 
an amplitude monitor into the excitation circuit as shown in Figure 8. 
The location of the least 3VL might be confirmed by repeated scans at 
additional increments of the axial load. 
2. Having determined the expected location of the buckle, its 
center is marked on the shell and the shaking force is applied thereat. 
Unlike the case of the column it is found that at a single 
excitation frequency, the variation of the dynamic mass with the 
increase in the axial loading is not in general linear. On the other 
hand measurements of the dynamic mass are found to be sensitive to the 
level of the excitation force F . 
By studying the variation of the VL with the increase in F 
one reveals the following relationship. For a fixed excitation 
frequency and axial load, if F is increased from zero, the dynamic 
mass is observed to decrease smoothly until it reaches a minimum and 
then increases again. 
The relation is consistently similar for other axial loads and 
shaking frequencies. The magnitude of the minimum M^ and the 
corresponding shaking force obviously depend on the axial load and the 
excitation frequency. Typical relations as obtained for the elliptic 
and circular shells are shown later (e.g., Figures 21 through 25). 
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It is to be noted that, for columns the changes in M caused 
"by variations in F do not exhibit the same characteristics as in the 
case of shells. 
3. The last step is to determine the magnitude of the minimum 
NL for each axial load level at a single excitation frequency. By 
plotting these minima against the corresponding axial loads one obtains 
a linear relationship which intersects the P-axis at the critical value. 
The location of the intersection could be confirmed by plotting 
the results at other excitation frequencies. 
Specimens 
The shell and panel specimens were fabricated from plexiglass 
sheets of 0.030" nominal thickness. The ends were stiffened by 1/V' 
square cross-section rings of the same material. The method of manu-
facture was similar to that described by Ford [30]. The suitability of 
the material for the manufacture of models to simulate metallic 
structures was also verified in the above reference. 
Three different configurations were tested, namely, 
1. Unstiffened elliptic cylindrical shell with a cutout on 
one of the sides of minimum curvature. 
2. Unstiffened circular cylindrical shell. 
3. Unstiffened rectangular panel. 
The dimensions and the geometric properties of each are given in 
Table 21. 
The panel model was fabricated as a square cylindrical shell. 
Three of its sides were rigidly stiffened by l" thick Styrene foam 
sheets thus leaving the fourth side to represent the test panel. 






Elliptic _Shell Circular Shell 
Circumference U7.1" Diameter 11.U6" 
Major Axis 17.7" Height 16.5" 
Minor Axis 11.9" Skin Thickness 0.030" 
Height 16.5" 














Elliptic Shell. This was the first shell body to which the 
vibration method was applied. The model was used by another colleague 
for a different research program which was going on at that time. Since 
the shell was already mounted in the testing machine, it was feasible to 
utilize the set up to initiate the vibration testing during the idling 
periods of the other research activity. 
The shell had a cutout in one of the minimum curvature sides 
and thus buckling was expected to occur first on that side. Since our 
interest was mainly to develop the vibrational technique, there was no 
point in introducing any type of structural complexity into the issue 
at such an early stage. Therefore it was decided to force the buckle 
to occur on the side opposite to the cutout. This was done by 
eccentrically applying the axial loading closer to the side where failure 
was planned. 
The area of minimum curvature was scanned in order to obtain 
the dynamic mass distribution. The shaking force was maintained 
constant at O.O78 pounds throughout the scan. The results were 
plotted and the region of the least M_ was determined as shown in 
Figure lU. The scan was repeated at higher axial leads and the region 
of the least M was observed to be at the same location. This region 
was later confirmed to be within the buckling area when the axial load 
was carried high enough to cause failure. 
Having determined the point of least dynamic mass, the shaking 
force was applied at that location. The dynamic mass was recorded while 



























Actual Buckle Area 
Area of Least 
Figure lk. Elliptic Shell - M- Distribution 
( P = 0, f = 20 Hz & F = 0.078 lb ) 
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M was obtained. The axia l load was then stepwise increased and for 
each level the shaking force and the corresponding dynamic mass were 
recorded. The procedure was carried out for exci ta t ion frequencies of 
5, 10, 20 and kO Hz and the resu l t s are p lot ted in Figures 15, 16, 17 
and 18 respect ively. The minimum M_ i s determined for each curve and 
those minima are p lo t ted vs . the corresponding ax ia l load as shown in 
Figure 19. For each exci ta t ion frequency the re la t ionship between ]VL 
and P i s a s t ra igh t l ine which, i f extended, cuts the P-axis at the 
c r i t i c a l buckling load of the she l l . I t i s clear that for a l l 
exci ta t ion frequencies, the resul t ing s t ra ight l ines in te rsec t the 
P-axis v i r t ua l l y at the same point . Thus the c r i t i c a l load was deter-
mined to be between 310 pounds and 315 pounds. The she l l was l a t e r 
buckled and the observed buckling load was 335 pounds. 
Circular Cylindrical Shel l . The dynamic mass d i s t r ibu t ion was 
determined over a large portion of the she l l at no axial load. The 
readings were taken at l " in tervals around the circumference and at 11 
v e r t i c a l locations between and including - V and +6" from the mid-
height of the she l l . The scan was carried out at an exci ta t ion 
frequency of kO Hz. The exci ta t ion force was maintained at O.O783 
pounds within ± 0.^$>. Typical plots of the circumferential d i s t r ibu t ion 
are shown in Figure 20 for the zero v e r t i c a l s ta t ion (she l l mid-height) 
and +6" s t a t ion . The minimum JVL of the whole scan was determined to 
be at location (z,9) = ( l " , 1+0°). 
Measurements of the dynamic mass were then taken at that 
location at various shaking forces and over a wide range of exci ta t ion 
frequencies and axia l loading. The data is p lot ted in Figures 21 to 25 
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Figure 19. Elliptic Shell - Minimum lvL vs. Corresponding P. 
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Figure 20 . C i r c u l a r S h e l l - Typical C i r cumfe ren t i a l P lo t 
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where the minimum VL is determined for each curve. Plots of those 
minima vs. the corresponding axial loads are given in Figure 2.6. The 
linear relationship is again clear for all frequencies. The inter-
sections of those lines with the P-axis determined the buckling load of 
the shell to be between 1135 pounds and 1190 pounds. 
The shell was later buckled and the pattern was observed to 
develop on the side of the shell where the dynamic mass distribution 
showed a depression (refer to Figure 20). The actual buckling load 
was observed to be 1195 pounds. 
Rectangular Panel. The dynamic mass distribution was obtained 
at 1 inch intervals along the x and the y directions (refer to 
Table 21). Due to the geometric limitations the scan did not cover 
the lower k inches of the plate surface. The shaking force was O.O783 
pounds and was maintained constant within ± 0.h°]o. Figure 27 shows the 
M_ distribution at zero axial load and kO Hz excitation frequency. 
In order to locate the region of least dynamic mass, the magnitude of 
IVL are compared at points symmetrically located with respect to the x 
and y axes. By doing this, it becomes immediately obvious that there 
are two regions of least JVL as indicated in Figure 27. These are 
indeed the two regions of buckling which were observed later when the 
axial load was increased and the panel failed in a two half-wave form. 
The excitation force was then applied at the middle of the 
lower right region, namely at (x,y) =(2 .8, - 2.6). Measurements of M~ 
were taken at several levels of the axial load and at excitation 
frequencies of 30 and k-0 Hz. The results are plotted in Figures 28 and 
29 and the least values of IVL are determined. These are plotted vs. 
I l l 
0 200 1+00 600 800 1000 T 1200 
I I 
1135-1190 
P ( l b ) 
Figure 26 . C i r c u l a r She l l - Minimum M_ v s . Corresponding P. 
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Figure 27. Rectangular Panel - IVL Distribution 
( P = 0, f = 20 Hz and F = O.O783 lb ) 
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Figure 29. Rectangular Panel - 11 vs. F at ^0 Hz 
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the corresponding axial load in Figure 30. The resulting linear 
relations indicate that the critical load of the panel lies between 
65O pounds and 675 pounds. 
When the panel was axially loaded with the intension to deter-
mine its actual load carrying capability buckling was observed not to 
be of the sudden type. In fact the panel deflection kept growing 
steadily under axial load. The loading was stopped and it was decided 
to use the Southwell method to get a second estimate of the critical 
buckling load. 
The locations of the two buckling regions were already known 
and therefore the observation point could be taken at either. The 
deflection measurements were taken by use of LVDT deflection transducer 
and the data are given in Table 22. The Southwell plot was produced 
as shown in Figure 31 and the critical load was determined to be 665 
pounds. 
Table 22. Panel Testing - Deflection Data 
P 6 6/P 
(lb) (Micro in) 
0 0 
30 5 .167 
60 9.6 .16 
90 16 .178 
120 22.2 .I85 
150 29.5 .1965 
180 37.5 .208 
210 U5.5 .212 
2̂ 0 53.5 .223 
270 59.5 -22 
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Figure 31. Rectangular Panel - Southwell Plot H 
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Conclusion 
This chapter describes an experimental technique which was used 
for the nondestructive determination of the critical axial loads on 
structures. The technique also succeeded in predicting, accurately, 
the locations of the regions where buckling developed first. The 
critical loads determined by the method for more than one structural 
configuration are in excellent agreement with the actual failing loads 
as observed in the laboratory. In cases where actual failings were 
not carried out the Southwell method was used to assess the actual 
capability of the structure. 
In none of the tests conducted was it necessary to apply axial 
loads in excess of 1/3 of the critical value in order to generate the 
data required. In some cases axial loads were even as low as l/k of 
the critical. This strongly justifies the non-destructive rating of 
the method. 
It is to be pointed out that there are limitations to the 
applicability of the technique. In order to succeed it is necessary 
for the buckling pattern to be geometrically similar to the induced 
vibrational pattern. For the kind of structures that have been tested 
these were of the diamond type. Similar tests were conducted on a 
spirally stiffened circular cylindrical shell but the method failed to 
determine the critical load. In fact the behavior of the dynamic 
parameters was completely different from that observed before. The 
reason became obvious when the shell was buckled and it was observed to 
fail in a ring type rather than diamond type. 
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APPENDIX A 
A RATIONAL FUNCTION SOLUTION TO THE DEFLECTION SHAPE OF A 
LATERALLY LOADED BEAM WHOSE ENDS ARE ELASTICALLY 
RESTRAINED AGAINST ROTATION 
C o n s i d e r an e l a s t i c a l l y r e s t r a i n e d beam u n d e r u n i f o r m l a t e r a l 
l o a d i n g of i n t e n s i t y q, F i g u r e 3 2 . The d e f l e c t i o n s h a p e s , b e n d i n g 
moments and s l o p e s p e r t i n e n t t o t h e e x t r e m e end f i x i t i e s a r e a v a i l a b l e 
i n s t a n d a r d t e x t b o o k s , e . g . , r e f e r e n c e [ 4 0 ] . Fo r c o m p l e t e n e s s t h e s e 
a r e l i s t e d i n T a b l e 2 3 . 
A r a t i o n a l f u n c t i o n e x p r e s s i o n f o r t h e d e f l e c t i o n shape w i l l be 
t a k e n as 
a l + a 2 3 1 3 2 + a ^ l + \ 3 2 W = -± 2 _ 1 _ 2 3 _ 1 L _ 2 ( A - 1 ) 
b + b B B + b B + "b, 3 
1 2 1 P 2 3 p l k 2 
Compliance w i t h t h e f o l l o w i n g f o u r c o n d i t i o n s 
P x = 3 2 = 0 ; W = WQ Q = a 1 / b 1 
P x = P 2 = » . W = W ^ ro = a 1 / b 1 
P 1 = » , P 2 = 0 ; W = Wro Q = a 3 / b 3 
Bn = 0 , Bo = co . w = w = a, / b , 
1 2 ' 0 °° 4 ' U 
r e d u c e s E q u a t i o n ( A - l ) t o 
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y 
Figure 32. Elastically Restrained Beam Under 
Uniform Lateral Loading. 
T a b l e 2 3 . Bend ing C h a r a c t e r i s t i c s of a Un i fo rmly Loaded Beam 
Case of 
End F i x i t y 
W 
W w 
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1 ' ^ U 3 
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w = \
 W0 0 + \ \ P2 W~ ~ + b3 Pl W» 0 + \ P2 W0 - (A_2) 
bl + b2 Pl P2 + *3 Pl + b^ P2 
The ratio's of the four "unknown quantities b , b , b and b, 
can be determined by forcing the relation (A-2) to satisfy the three 
following conditions. The first condition is; when 0 = 3 = p 
the deflection shape becomes symmetric with respect to a plane through 
the mid point of the beam. The second and third conditions are: at 
both ends of the beam the bending moment is always equal to the 
product of the angle of rotation by the stiffness of the torsional 
spring. 
Applying the first condition to Equation (A-2) we get 
b n Vtf ^ + b 0 3
2 W + P ( V W + b, W^ ) 
w = I o 9 2 »jo V 3 co o U o coj ( A_3 ) 
b i + h2 v2 + K\+ \) 
which should be symmetric with respect to x = — . We know that both 
W and W^ m are symmetric. We know also that W^ and W m 
are not symmetric with respect to x = r, but, they are mirror immage of 
each other with respect to either end of the beam, i.e., 
W - 0
( X ) = W 0 co(L-X) ( ^ 
For the deflection W given by Equation (A-3) to be symmetric, 




 W» 0 ( x ) + \ W0 » ( x ) = b 3
 W» 0 ( L " x ) + \ Wo » ( L ' x ) 
but s ince 




( x ) + \ wo » (x) = b3
 wo » ( x ) + \ w» o ( x ) 
or 
W 0(x) (^ - b j = WQ JX) (b - b j 
Since Wro Q (x) H WQ Jx) 
we conclude t h a t 
b 3 = \ (A-5) 
hence 
„ =
 b l W0 0 + b £ P l P 2 W - - + N ( P 1 W - 0, + S 2 W0 S ( A . 6 ) 
b 1 + b 2 0 B + b J P 1 + gj 
Now, if we consider the bending moment - slope relation at the 





x = 0 
_1 dW 
L dx x = 0 




x = L 
_2 dW 
1 dx x = L 
(A-7) 
S u b s t i t u t i n g for W from Equation (A-6) i n t o Equation (A-7) and using 
Table 23 we get a t x = 0 , 
.2 
^ i *21§£
+ V i i ?" T ta i $ ^ V 2 aii] 
or 
* 2 P2 +
 h 
12 
bi + N h T? • 2 W (A-f 
S i m i l a r l y a t x = L we g e t , 
12 8 _ 24 kS (A-9) 
s u b t r a c t i n g Equat ion (A-8) from (A-9) we get 
b 3 = ^ 2 
substituting into Equation (A-8) gives 
12k 
\ = 3b 3 = 12b2 
hence t he d e f l e c t i o n shape becomes 
12 W + B B W + ^ ( B w + B W ) 
W = ° ° h 2 °° °° Y1 °° ° 2 - ^ (A-10) 
12 + Bx P2 + k ( B i + B2) 
By simple a l g e b r a i c manipula t ion t h i s express ion can be shown 
to be equ iva len t to the exact express ion which r e s u l t s from solv ing the 
d i f f e r e n t i a l equa t ion subjected t o the app ropr i a t e boundary condi t ions 
[ 4 1 ] . 
The same a n a l y s i s was appl ied t o s e v e r a l o the r l a t e r a l loading 
condi t ions as shown in Table 2k. In each case i t was found t h a t the 
d e f l e c t i o n shape can be expressed by the same formula (A-10) and in a l l 
cases t h i s formula was i d e n t i c a l t o the exact s o l u t i o n as obta ined by 
so lv ing the d i f f e r e n t i a l equa t ion of equ i l i b r ium. 
I t i s t o be emphasized t h a t the prime purpose of t he d e r i v a t i o n s 
he re in made was the development of a process for r ep re sen t i ng the mode 
shapes of v i b r a t i n g beams in terms of the edge r e s t r a i n t parameters and 
the modes corresponding t o the l i m i t i n g cases of edge f i x i t i e s . 
The success of t he method of d e r i v a t i o n as app l ied t o the 
l a t e r a l l y loaded beams suggests i t s use fo r the s t a t e d purpose . 
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where, W W W and W are t h e funct ions corresponding t o the 
0 o °° °° 0 0 °° 
extreme cases of end f i x i t y under t he considered loading cond i t ion . 
The same form obviously app l i e s t o the d e r i v a t i v e s of the d e f l e c t i o n funct ion , 
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APPEND IK B 
THE VIBRATIONAL MODE SHAPE OF A BEAM WHOSE ENDS 
ARE LATERALLY SUPPORTED AND ELASTICALLY 
RESTRAINED AGAINST ROTATION 
Consider the uniform homogeneous beam shown in Figure 33. The 
differential equation describing the vibrational shape is 
^ - 4 W = 0 (B-l) 
dx L 
where 
k *2 mL 
The gene ra l s o l u t i o n of Equation (B-l) i s given by 
W = A cosh |JL — + B s inh p, — + C cos \i - + D s i n |JL 7 (B-2) 
LI LI LI LI 
Referr ing t o Figure 33 the boundary condi t ions are 
(B-3) w = r w 0 . _ L L J L — — x : = — 2 2 
["aV| = ^ 1 [dwl [dfwl =
 p_2 raw] 
L, 2J L L LdxJ L ' L, 2J L _L LdxJ L 




Figure 33. Beam with Elastic Rotational Restraints. 
S u b s t i t u t i n g these boundary condi t ions i n t o the gene ra l s o l u t i o n we 
get t h e fol lowing se t of equat ions 
A cosh -U./2 + B s inh -[i/2 + C cos -|JL/2 + D s i n -p,/2 = 0 (B-k) 
A cosh \±/2 + B s inh \i/2 + C cos p,/2 + D s i n \±/2 = 0 (B-5) 
p r i 
\i : A cosh -|JL/2 + B s inh -\i/2 - C cos -\i/2 - D s i n -\±/2\ (B-6) 
= P |JL I A s inh -u./2 + B cosh -\±/2 - C s i n -u /2 + D cos -M./2J 
o r 
M- I A cosh p,/2 + B s inh JJL/2 - C cos ^L/2 - D s i n \±/2j (B-7) 
= - P |i I A s inh JLL/2 + B cosh (i/2 - C s i n \i/2 + D cos (J./2J 
adding Equations (B-U) and (B-5) we get 
2 A cosh IJL/2 + 2 C cos |j,/2 = 0 
or 
c = . A
 C O S h ^ / 2 (B-8) 
cos P-/2 
Subtracting Equation (B-U) from Equation (B-5) gives 
2 B sinh p,/2 + 2 D sin \±/2 = 0 
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or 
D = . B
 Slnh H% (B-9) 
sin M./2 
Adding Equations (B-6) and (B-7) gives 
A = - B • F1 
where 
BQ - B.){eosh n /2 -
 S l n h »JZ % S >*/g) 
. 2 1/ I. ' s i n (JL/2 J 
F]_= (B-10) 
4 , cosh ,/2 + (Pl + ^{sinh ,/2 + cosh^/^in ,/2| 
Also subtracting Equation (B-6) from Equation (B-7) gives 
B = - A • F 2 
where 
(h - o w ^ + c o s h : o ^ 2
l n ^ 
P S \ , sin, , / 2 + ( B l + ^{cosn , / 2 - cos ,/^sinfr , / 2 | 
Hence to summarize: the mode shape is given by Equation (B-2) 
and the coefficients A, B, C and D are given as follows 
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(a) for odd numbers of ha l f -waves 
A = s i n \i/2 cos \±/2 = - s i n |JL 
B = - - s i n |JL • F 2 
C = - s i n \i/2 cosh \±/2 
D = cos |i/2 s inh u /2 • F, 
> (B-12) 
(b) for even number of ha l f waves A, B, C and D w i l l be 
denoted as E, F , G, and H where: 
E = - — s i n |JL • F 
F = — s i n \i 
? (B-13) 
= s i n \i/2 cosh \i/2 • F 
H = - cos (JL/2 s inh |i/2 
where F and F are given in Equations (B-10) and 
(B- l l ) r e s p e c t i v e l y . 
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APPENDIX C 
EIASTICALLY RESTRAINED RECTANGULAR PLATES - SOLUTION NO. 1 
This Appendix dea ls wi th the d e t a i l e d a lgebra of s o l u t i o n 
No. 1 . Table 25 summarizes the i n t e g r a l s t h a t appear in the energy 
t e rms . The l a s t two columns are code numbers given t o the i n t e g r a l s 
for fu ture u s e . With the a id of Table 25 the frequency i s obta ined as 
shown in Table 26. The express ions in Table 26 can be e a s i l y programmed 
for numerical c a l c u l a t i o n of the p l a t e frequency a t any combination of 
edge r e s t r a i n t pa ramete r s . 
T a b l e 2 5 . I n t e g r a l s i n S o l u t i o n No. 1 
f ( x ) 
a / 2 
I* f(x) dx 
- a / 2 


































M OX B Ox 
s m 
^ ( s i n h Q + Q ) 
s i n h Q - o) 
20 
a (1 + s i n Q 
2 r Q 
a ^ s i n Q 
2 \ Q, 
| [ s i n h | cos | + cosh | s i n § 
— cosh -r s i n — - s i n h ^ cos -





Table 26. Frequency Expression in Solu t ion No. 1 
0 - r \
k Rk U U_ + \ik U_ U, + 2X p 2 R2 U U. + X2 IT U U_ + [i2 U_ U; 
^2 _ D | m 2 3 n 1 4 m n 5 6 m 2 7 n 1 c 
where 
R = | , 0 ^ R ^ 1 
U_ = E 2 J , + P 2 J 0 + G
2 J n + H
2 J, - 2 E G L - 2 F H J 
1 n l n 2 n 3 n 4 n n 9 n n O 
U = E 2 J + F 2 J + G2 J + H2 J , + 2 E G J + 2 F H J 
2 n l n 2 n 3 n 4 n n 9 n n O 
U0 = A
2 I , + B 2 I_ + C2 I 0 + D
2 I, - 2 A C L - 2 B D I . 
3 m l m 2 m 3 m 4 m m 9 m m O 
U, = A 2 I + B 2 I + C2 I + D^ I, + 2 A C L + 2 B D L. 
4 m l m 2 m 3 m 4 m m 9 m m ^ D 
2 2 2 2 
Uc = A I + B I_ - C I - IT I, 5 m l m 2 m 3 m 4 
2 2 2 2 
tL- = E J + F J n - G J - H J, 6 n l n 2 n 3 n 4 -continued-
Table 26. (continued) 
U^ = 
r X X X X -.2 
B - A... s inh -^- + B . cosh — + C s i n — + D cos 
m m m m 
X X X X H2 
+ B_ I A s inh — + B cosn —— C s i n — + D cos — 
m 2 m 2 m 2 in 2 
P
2 | j 
Un = B o 3 L n 
M\ ^. K M-. 
- £ + F„ cosh ^ + G s i n ~ + H cos ^ 
n n n 
\[En 
M- M« H M< - | 2 
s inh -77- + F__ cosh -77- - G. s i n -—• + H cos — 
n n n 
I , , . . . , IQ and J_, . . . , Jf l are given i n Tat>le 25. 
A , . . . 5 D and E , . . . } H are given "by Equations (B-12) and (B-13). 
APPENDIX D 
EIASTICALLY RESTRAINED RECTANGULAR PLATES - SOLUTION NO. 3 
The i n t e g r a l s appearing in the energy terms are l i s t e d in 
Table 27 and numer ica l ly eva lua ted in Table 28. With the s t r a i n and 
k i n e t i c ene rg ies being eva lua ted t he frequency i s obta ined by use of 
the Ray le igh ' s quo t i en t and the r e s u l t i s , 
u*_ /
 5 [(U0U1 + U6 + U 7 K
 + 2 V/ + U2U3 + U8 + U J 
mb U U 
where 
U0 = h + \ P l P2 + X3(
P1 + €) + \ P l P2 + ^ 1 + 0 
+ ! 6 ( P 2 p 2 + P i |32) 
1 = I ? + Ig *\ P* + x9(p2 + P 2) + I i 0 g 3 p^ + I 1 1 ( p 3 + pj 
+ X12(
P3 PU + P3 PD 
U = U by r ep l ac ing P and P by P and 3, r e s p e c t i v e l y 




 + hk i p2 + XJA + 4) + he pi e2 + x i 7 (
p i + h) 
+ hi*i g2+ \ €) 
U = U. by replacing 8 and P by 3 and 0, respectively 
"6 = Pl Ul [X19 + T20 P2J
2 
U7 = P2 Ul [X19 + ̂ 0 P J 
U8 = p3
 U3 [X19 + X20 P J 
U9 = \ U3 [X19 + Z20 P3J 
and I. is given in Table 29 for i = 1, ... , 20. 
Table 27. I n t e g r a l s i n So lu t ion No. 3 
f « J *W ax 
cos 
2 Qx (l + 4 sin2Q;L 
s i n 
2 Qx_ 




/ s i n n 2Q Q'L 
V U 2/Q 
s i n h — 
s i n h 2Q Q.L 
5 2/Q 
Qnx 
cos —7 -̂ cos I T ' Q l f Q 2 (Q2 cos Qx sin Q2 - Q1 sin t^ cos Q^L / (^ - Q^) 
^ x Q2x 
sin — sin L , ^ , ^ ^ (Q cos Q sin ^ ™ ^ „ „ ^ - «2 sin «1 cos ^ > / ( < 
2 2 
Q-jX Q2x 
cosh --£- cosh -j- , Q r Q2 ^ co 
o p\ 
sh Q1 s inh Q - (^ s inh Q1 cosh Q^L / ^ - Q.J 
- continued -
1able 27. (continued) 
f(x) f(x) dx 
Q-jX Q 2 X 
sinh — — sinh —r— , Q-L ̂  Q2 
Qxx Q2x 





cos -7— sinh —— 
\x Q22 
sin —— cosh —— 
h JJ 
Qxx Q2x 
sin —rr— sinh -̂ r— 
L h 
( Q 2 sinh Q x cosh Q2 - 0^ cosh ̂  sinh Q J L / \Q^ - 0,f) 
(̂ Q2 - Q2 cos Q x cos Q2 - ̂  sin Q 1 sin Q J L / (1^ - Q^) 
(Q1 cosh Q 2 sinQ1+cos Q 1 sinh Q 2 ) L / (#£ + 
( Q X sin Q 1 sinh Q2 - Q 2 + Q 2 cos ̂  cosh Q 2 ) L / ( Q ^ + Q
2) 
(Q^- Q cos Q cosh Q, + Q sin Q sinh Q )h / ( Q 2 + q 
2 . .2 
( Q 2 s i n Qx cosh Q - Q1 cos Q1 s inh Q J L / (<^ + 
- cont inued -
Table 27. (continued) 
f(x) J f(x) dx 
Q-^ Q2x 
cosh -j- s inh -j- , Q ^ Q2 ( Q cosh Qx cosh Q2-Q2~Q1 s inh Q1 s inh Q J L / ^ 2 "
Q 1 ^ 
Ox . Qx cos -7- s i n -r-
L L 
L . 2 . 
2 Q B i n Q 
, Qx . , Qx cosh •— s inh ~ 
L L 
i (cosh2Q - ! 
Table 28. Numerical Eva lua t ion of the In t eg ra l s i n So lu t ion No. 3 
i (*a * 
- f(x) dx when Q1 and Q2 take the values: 
f(x) 
H 1 & M-1 ^ 2 & M-2 ^ 3 & n 3 ^ & M-1 M<3 & P- 1 M<2 & M-3 ^ & ^ 
Q, x Q ^ x 
cosh — cosh — - 339.71^6 82.1*971 - - 166.613 166.613 
a a 
0, x Q x 
cosh — slnh — - 339.16 81.9333 - - 165.789 166.212 
a a 
Q, x Q, x 
cosh — cos — - - 5.88223 - ̂ .5695 - - -9.175 " 3.13032 
a s. 
Q, x Q*->x 
cosh — s i n — - - 5-9861+9 0.12905 5.617^2 3.27775 - 0 . 7 ^ 5 2 - 2.56618 
a a 
Q, x Q^x 
sinh — sinh - 2 - - 338.715 81.1*971 - " 165.502 165.502 
a a 
The same values apply to — J f (y) dy 
- continued 
T a b l e 2 8 . ( c o n t i n u e d , 
I f * 
- I f(x) dx when Q, and Qp take the values : a -o 
f(x) 
^1 & ^1 ^2 & ^2 ^3 & ^3 ^2 & ^1 ^3 & ^1 ^2 & ^3 ^3 & ^2 
Q x Q x 
sinh ~ c o s — - -5.98699 -U.69682 - - -9.30029 -3.23172 
0 X Q x 
sinh — s in — - - 6.09311 -0,00182 5.519 3 .15H - O.085186 -2.69334 
a a 
0.x Q, x 
cos — cos — - O.I+981U O.56366 - - 0.1+8809 0.W8O9 
St EL ' 
Q_ x 0 x 
cos — sin — - O.IO568 O.063663 - 0.25569 0.16576 - 0.09088 O.289502 
a a 
Q_x Q, x 





l ' £ 
Table 29. Numerical Values of I . 
1 
i I . 
i 
i I . 
1 
1 1+691+.31 11 13.6 
2 7.96357 12 O.2I+5U 
3 237.9 13 -U75.633 
k 250.9633 11+ -0 .193307 
5 1319.06 15 - 11.55 
6 58.366 16 - 32.79567 
7 itf.1918 17 - 66.9719 
8 0.0159 18 -1.30913 
9 1.00728 19 30.81+26 
10 3.55969 20 5.68135 
1̂ 3 
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